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Mpeaucnosue

CoBpeMeHHHe CTAHAADTEl IOKOJBHOIO o0pazoBAHUA
BHIACAAIOT B COZEPKAHHHN MareMaTHuecKoro ofpasopa-
HHMA CTAPIOHX KIACCOB ZBA YPOBHA 3HAHWHR — Oasosbiil
u npogursubii. Yuebuuy apropos 0. M. Konarusa u ap.
«Aarefpa M HaYALA MATEMATHYECKOrO AHAMN3A» JNA
11 rknacca noa peaaxuueii A. B, JHmxuenxo (M.: IIpo-
cpemenye, 2009) cospan aAna o0yueHHA B crapineii
MKOJMe HA ODOHX YPOBHAX.

dnaaxTrueckde MATeDMANB AOOOJNHAKT CHCTEMY yII-
pasKHeHH# y4eOHMKA Ha o06aszarelbHOM OPOOHABHOM
U HAa OPOABHEYTOM UpodUILHOM ypoBHAX. Homoanu-
TeAbHBEe VIPRMHEEHA AR OasoBOro ypoBHHA H 00A-
3aTeJIbHOTO NpOQHIABHOTO MOMKHO HaliTH B mocobum
«JIupaxTnyeckne marepuansl Mo aarefpe 1 HAUAIAM
MATEMATHYECKOrO aHanmza» Ana 10 xiaacea obmeobpa-
BOBATEeNLHEIX yupexnaeununii apropor M. H. [llabynnHa,
M. B. Trauéroii, H. E. ®énoposoii, P. I'. F'azapauna (M.:
IIpoceemenne, 2008).

Ofe KHHTH COCTABIAKT eIHHEIH kKoMniaexkt. OHu 06D
eAAHC¢HB HAeeH MHUPOKOTe HCIOAB3OBAHHA NpU Audxbe-
peHnHanny ofyueHHA — Kaxjaoe safaHue cHabyeHO
ycaoBHoOM Gannorpoit onenroit (or 1 ao 10 ouxos), xa-
paxTepusyiomeil ero cnoxuoeTs. Henonsaya 6annorpyo
OLeHKY 3afaHHil, YUHTETh MOMET!

— OPTaHH30BATL <IJIABHYIO» AutiepeHOUALNHID 06-
YYeHHA MATEeMATHKE: B 3aBMCHMOCTH OT KAYECTEA YCBOEe-
HAA TEMH KAXKIOMY YIAIIEMYCS MpPeAJaraTh KORKPeTHBIH
6annoBRIM AMAIIAZ0H BEINOJHASMEIX 3JI4MAHWIH, ITOMOraAA
NOCTENMeHHO HIOAHMMATL YpPOBeHb CBOHX MATeMaTHUYeC-
KHX YMeHH#;

— NOPeAJIaraTh YY&IIUMCHA pasHOOGDASHBIE BHAH ca-
MOCTOATENLHEIX H MPOBEPOYHBX DPaGoT, OPUEHTAPYA HX
H& COOTBETCTBHe HAOUpAaeMBIX 0ALNOB OAHON H3 mojao-
JKATEJALHBIX OmeHOK («3», «d» mau ¢5H»).

B oGoux nocobusx sagaHHA obs3aTeabHOrO npodmian-
HOTO YPOBHS B OCHOBHOM OlleHeHH Ganmamu ot 5 go 7,
a npoABUHYTOTO ApodunbEoro — o 8 go 10 6axnos.

3



Kamxaaa riaaea noco0HA CONEpPIHUT:

1) AuaaxTHUYEeCKHEe MATEDHANB K KaXXAOMY IIaparpa-
¢y yuebrura 0. M. Koaaruua u Ap.;

2) KOHTPOALHYIO paboTy mo TeMATHKe I'JIABK B JABYX
BAPDHAHTAX.

Kamxapili naparpag nmocobua BKIIOYAET:

1) npuMeprl THHOBEIX 38484 ¢ HOAPOOHBIMH pelIeHI-
HAMH;

2) pasHOYPOBHEBHIE BRAAHHA IJIA CAMOCTOATEABHOH pa-
GoTHI (B ABYX BApHMAHT&X), CHAGKeHELIC OTBETAMH B KOH-
e KHHIH.

HecMoTpsa HA TO 4YTO COAEPKAHME M CTPYKTYDE AaH-
HOM KHHI'M COOTBETCTBYIOT yueOERHMKY «Anrefpa m Haua-
Jjla MaTeMATHYEeCKOro aHanuzas asropoB HO. M. Konsa-
rHHE U JAP., €€ MOKHO ¢ YCII€XOM HCHOJB30BATE IIPH Pa&-
6ore ¢ ApyruMu yuyeOHHKEMH,



@l TpuronomerpudecKue
& QDYHKIIIU

§ 1. O6nacTb onpesileneHs 1 MHOXECTBO
SHaueHU TPUroHOMETPNYECKUX DYHKUMIA

NMpwmepsl ¢ POWSHHAMMY

1. Hafitn obGnacts onpefefieHnsa QYHKIIEH:

1) y=V38sin8x +4cos3x;
2) y=log.,.8inx.

Pemenne. 1) Buipamernme V3s8in3x+4cos3x mmeer
CMEICJT MPH BCeX JeCTBHTEABHEX 3HAYERHAX X, OPH KOTO-
pux 3s8ind3x +4cos3x HeorpuuarenrHo., HepareHeTBO
88in3x+4cos8x 2 ) pemnyM, BRDOAHHUE nDpeobpazcBaRue Je-
BOH 4acTH C IIOMOINBI0 MeTONA BCOOMOTATENBHOI'D YIJA. Y-

HOMKHM H pasfieIXM o0e YaCTH HepaBeHCTBa Ha Va2+42=15.

Tlonyuum 5(%sin3x+4;-cos3x)90. Tax xar (5;-)2+(-;—)2=1,

TO CYVIUEeCTBYeT ¥yroa ¢, TAKOH, YTO cosrp=§, sincp=%.

bBM qeCTBE THCIO arccos —=arccosuv,o ¥ pealnaM
BoasmeMm B Ka P g 0,6 up

HepaBeHCTBo 5(sin (¢ + 3x)) > 0.
sin(ep+3x)20, 2nn<o+3x<n+2nn, n€Z, oTRYRA

%T”—%<x<“—(1—’¥ﬂ—~-§, neZ.

CaenoraTennHo, OGNACTLI) ONpeiesieHHAA QYHKIHYU ARNA-
10Tca Bce AelicTENTeABHHE THCJIA H3 OTPE3KOB

[2—;-'3—%arcc030,6; ﬂg?;—ll —éarccoso,ﬁ], neZ.

2) Ilo onpeaeneHuI0 Jnorapudma Bhipaxkenue log,..Sinx
CYIeCTBYeT IPH EBceX NeHCTBHTEALHBIX 3HAYEHHMAX X, OpU
KOTOpHIX sinx >0 u cosx >0, cosx#1. Pemum cucremy

ginx >0,

cosx >0,

cosx=1.
PemernaMu 3To#l cHCTeMBl ABJSIOTCH BCe YHCJIA M3 mepBoi
YeTBEPTH ERMHUYHOH OKPYRHOCTH: 2TA <X < % +2rn, ncZ,

CoBOKYHHOCTE ATUX HHTEPBAJOB M SBJIAeTCcA obnacThio om-
pesenenun pyaxkoum y=Ilog,,. . sinx.



2. HaiiTm MHOXKeCTBO 3HAUEHMNI! PYHKLHUU:

1) y:zlcoaxl;

2) y=Ilog.(cos x +sin®x).

Pemernue. 1) BuiacauM, Rakne 3HAUEHUS MOMKeT IpU-
HHMATh § OPH PASAMVYHBIX 3HAYEHMAX X, T. €. YCTAHOBHM,
OPH KAKAX SHAYEHHAX ¢ HMEET pelieHne YpaBHeBHne 2/°% =g,
IMponorapudmMupyeM paBeHCTBO, OOJAYYHM |cosx|=log,a.
Tak xak |cosx|<1, To O0<log,a<1, orkyaa 1<a<2. Taknuu
ofpasoM, MHOMEeCTEBOM gHaueHU GyHrROUUM y=2i"** gpua-
erca otpesok [1; 2].

1

2) Tak xar cosx+sin?x=cosx+ 1 —cos? =%—(cosx—3)2,

rae ~1<cosx<1, To —1€cosx+sin2x€%.

DyeKUNA Y =log,? onpeaencHa Opu t>(0, Nos3TOMy X MO-
’HeT NOPHHAMATE T€ 3HAYeHHA, NOpH KOTOPHX O<cosx+

+sin?x< %, a MHOMXeCTBO 3HaUueHEM# AaHHOH QYHKOHH — npo-
MEeXXYTOK (—00; log. % ) .

3. Jorasare, uro QyHKOHMA y=cigxsin2x orpannyexa.

Pemegwue. laa Toro urofm mokasaTh, YTo (PYHKLIAA
y=ctg xsin 2x orpaHnsieHa, HYKHO HAATH TAKOS TOJOKUTENb-
Hoe gHcao C, 9aTo6r gaa a1060ro 3HaYeHRA X 13 00AaCTH onipede-
JeHdsd (PYHXNHMH BRINOJEAJOCE HEepaeeHcTBo [ctgxsin2x|<C.
O6aacTh onpefeieHusa GYHKIHMY — BHAYEHUA X< AN, n€Z.,

IlpeoGpasyem Bhipa)keHue ctgxsinx:

ctg xsin2x = ‘:i’:; -2sinxcosx=2cos?x.

Tak xak —1<cosx<1, 0<cos?x<1, To gua moGoro x us 0b-
JAcTH onpefieleHUs BuITOAHAeTCs HepaBeHCTBO U< 2cos?x < 2,
0<y<2, caeaosaTenbHo, ¥ PYHKIURI OrpaHudYena Ha obJjac-
TH ONUpeneJeHHA.

3anaHUA A CaMOCTORTENLHON pPaboTs

1,[6] Haiiti o61acTt onpeaeseHHs GyHKITAN:
1) y=v1-tg?x;
2) y=\ctg?x-3;
3) y=Vv3sin‘x—cos®x;
4) y=\sin®x—3 cos? x;
5) y=Veos2x -~ sin x;
6) y=V3cos2x+ 7cos x;
) y=V1-4sinx—4cos’x;
8) y=Vv2sin2x—-2sinzx—1.




2[7] Hafttu o6nacTe onpegeneHus PyHKOUM:

—4/8inx+cosx, Vier i ote n:
1) y= sinx-cosx ' 2) y=Vtgx+ctgx;
3) y=Vlog,sinx; 4) y=lglgtgx.

3.[7] HaiiTu MHOMeCTBO 3HAYEHEH PYREKIIAU:
1) y=cos’x—-sinx;
2) y=sin’x+3cosx—4;
3) y=1-2|sin2x};
4) y=sinx+|sinx|;
5) y=2s8in5x + 3cos 5x;
6) y=sinx+ \/3_cosx.
4[7] NokasaTs OrpaHHYEHHOCTh (PYHKIMH:

1) y-Zainx; 2) y=3cosx;
— _2cosx . =2
3) y= r— 8sinx’ 4y 3—sinx "
5.8] MoxasaTs, uT0 GyHKUMS He ABAAETCH OrPAHNYCHHOM:
—cosx+1, _ sinx-cosx
1)y l1-cosx ' 2y y sinx +coax '

6.[9] UapecTHo, uro rampas us dyaruué f(x) n ¢(x) asaa-
eTcs orpaHudeHHol, [{oxasarb, UTo OrpaHUYERHOIH AB-
AneTcA (PyHEOHA:

1) y=F{x)+e¢(x); 2) y=rf(x)-p{x).

§ 2. YeTHOCTb, HEYETHOGTL, NEPMOAUHHOCTD
TPUrOoHOMETPHUYECKUX DYHKUMNA

Mpymepw ¢ pelIeHnaIMIn

1. Hafith HaNMECEBIIHH IONOMUTENSHENA NepHoOf (PVHK-
oHe

y=4cosx+cos2x,

Pemenne. PyExnua ompeseneHa Ha BCeM MHOMECTBE
geticreuTensHblx uucen K. Ilyers T — nepwoxy saamnmoii
PyHEOMHM, T. €. IAA BCeX X M3 o0IacTH onpeaelleHHA BEPHO
PABEHCTEO

4cos{x+T)+cos(2(x+T))=4cosx +cos2x.
Ecar x=0, To paEeHCTEC NpAMeT BUJ
4cosT+cos2T=5.
Tak xak cosT=x1, cos2T<1, To 4cosT+cos2T =5, Toaeko

7



B cay4dae, Korja cosT=1 u cos2T =1, oTkyla cluegyeT, UTo
T=2nn, n€Z, a nauUMeEbIIee MOJOKUTEAbHOE Ynucao T =2,
He#tcreurensdo, T =2n — nepmoa AaRHOH QYHKUNH, TAK
K8k Aaa Jboro ¥x<€Z gucaa x+ 21 1 X — 2% TAKXKEe OPKHAA-
aexaT R ¥ cupaeefmMBo paBeHCTBO

4 cos(x + 2n)+cos(2(x + 2n)) = 4 cos x+ cos 2ux.

2. HokazaTk, uT0 HyHKIHA

=4/lo cos 22
Yy g2 \3

nepmogHyeckas, 1 HaiiTu ee mepuon.
Pemenune. Hafinem o6aacTs onpenenceHus gfaHHOil GyHK-

uuM: log,cos 2\“—3.3‘30, CJeLOBATENBHO, cos%ﬂﬁé 1, noaromy,

TAK Kak cost<1l, To cos 22E=1 u 2= . 2rp, neZ.
V3 \3
OfnacTei0 OnpeaeneHnA QYHKUMM ABIAKTCA Bce JeficTBH-
TeNbHbIe YMCAa BBAA \V3n, neZ.
Ilyere T=13, Toraa nupy mwbom menoM 7 BepHH PaBeH-
¢TBa
\V8n+ T=V8n+V8 =\8(n+1);
v3n-T=yV8n-Vy3=V3(n-1),
€NeJIoBATE/ILHD, KAMKIOL U3 ITHX UNCeN NPpUHAAAeXRAT obia-
CTH ompefiedeHHs QYRKIUHNHA.
Taxum obpasom, npe awboM x N3 obaacTH onpeaeneHHs
Hu aioGoM DenoM n CIOpaBeAHBEL PABSHCTBA
< 2x(v3n+13)
\8
2m3n
+3

OTKYAa caeayer, 4ro y{(x+T)=0 n y(x)=0, T. e. gaHHAEA
byHKIUA ABNAETCA MePHOANUECKON U OANH U3 ee MEePUOLOB

co =cos2n(n+1)=1,

cos =cos2rn =1,

paBeH V3.
3. Moxasars, uTo He ABAAETCA MePHOZMIECKOH DyHKIMS:
1) y=sinVx; 2) y=xctgx.

Pemenue. 1) Ob6nacrel0 onpefierenusa MyHKRIHUY ABIA-
KOTCA BCe HEeOTPHIATEABHEIE AeHCTEBHTEABHBIe ducaa. Crezno-
BATeAbHO, ecnu nepuoa T>0, To ana x=0 yuciao x—T BHe
npugamgexkar obxzacty onpepenenud. Ecaum T <0, To ana
x=0 ypcao x+ T He DpuHaNIe:xHAT 00IACTH ONpeAeeHHA.

Taxum obpazom, QyHKIHA y=sinv§ He ABJAETCA NEePHOIN-
JeCKOH,
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2) O6sacTei0 OnpefeneHus (PYHKHHHM Y=xcigx ABIAIOT-
ca umceas x#=nnr, ncZ., IIpeanojaoskum, 49To mepHOR 3ToH
dbyrKuur — yueao T >0. Torga aaa Beex x W3 001aCTH Om-
pefeseHns AOMKHEI 6T BepaHl paseHcTBa (x+ Thetg(x + T)=

=xctgx=(x-T)ctg(x-T). IIycts x= —;— , TOPKA YHCAA %-i- T
H %— T BOJLKHB TPHHAZIIEKATE OGNACTH onpeaeacHns (PyHKIUK
H IIPH BTOM HOJIKHO BHIIOJIHATECH PABEHCTEO (325"' T)ctg(%+ T)=
= -g-ctg %, OTKYZAA (% + T) ctg(%+ T) =0.

Ecnn T+ -’25 =0, To ctg(%+ T) He CYIeCTBYET, T. €. YHCJIO
T+ 32‘— He TPHUHANJIECAKHT 00JACTH ONMpefesieHNs. AHAJIOTHYHO
H A Jncesa % —T. CnegoBaTeasio, GpyHKINA y=xcigXx He
ABNAETCA DepHOANYEecKOI.

Sapasna AN CamMoCcTOATeNnbHOH paborh

1.|_£| BrigcHRTL, aBAfeTCH A YeTHOoH, HeweTHOH HJAM He AR-
JAeTcA HU YeTHOW, HM He4eTHOH QyHKNHA:
1} y=(1+cosx)ctg x; 2) y=(1 +sinx) tg x;

_ l4sinx, __ l+cosx
8 y= siny 4 y= cosx

2.[6] Anrercs nM uerHO#H, HedeTHOH MAH He ABJAETCA HH
yeTHOl, HH HeueTHOH PyHKIUA:
1) y=sin(cosx); 5) y=sinvx;
2) y=cos{sinx); 6) y=cosVx;
3) y=Ilx|+cosx; 7) y=x2cosx;
4) y=x2+ginx; 8) y=x3sinx?
3 Jorasars, 9o aucao T apaaerca uneprogoM ¢GyHROUN:

_ _sin2x S
1) y= 1+sin?x’ T=m;

cos.x
2 y= 4+gin®x’ T=2n.

48] Haiity pamMeHELIIAIl DONOKHTENBHENA NePNOA GYHKIAN:

1) y=3sinx+8in2x;
2) y=2sinx+cosx;

3) y=sin*x;
4) y=|sin®x|.
5.J9] MoxasaTk, uro PyHKUMA He ABIAAETCA HEPHOANISCKOM:
1) y=cos?x; 4) y=cosV2x;
2) y=sinx¥ 5) y=x?gintx;

8) y=-cosvVx; 6) y=cosx®.



8.[8] MsBecTno, uTOo uHcna T, u T, — nepuoAkl HeKOTOPOil
dyuknun. JloxasaTek, 9T0 AAA 3T0H QYHKIHH NEepHOIOM
6yoeTr 9Hco:

1) T+ T; 2)T,-T,.

7.19) UasectHo, uTo QyEKROuA y=f(x) NepHOZMYECKad C Ie-
puogom T, HowaszaTs, 4TO!:

1) mepnog pyHRIEN y=af(x)+b paren T, az0;
2) mepuop dyuruun y=7F;{ax+b) papen %, a=0.

8.[T] MoxeT nu GbiTh mepuoANYeckoll (PYHKINA, MEONKECTBO
3HAYEHHH KOTOpPOH DPOMEYTOK:

1) [a; 8);  2) (a; ©0)?
9.[7] Mosxker au nepuoguueckad GyHKUIHA OLITh:
1) Beoay Bospacralomeii; 2) scwoay yOmBawmeii?

§ 3. CeoiicrBa dyHxuMM y=cosx
n ee rpadpmx

MpymMepsl ¢ peweHNaIMH

1. Hoxasath, uTo GYHKUKA Y=cos2x BO3pacTaeT Ha OT-
pesxe [%; 21:].

Pemerne. IIycTh x, 1 X, — 3HaUEeHMA apryMeHTa M3 00-
JACTH ONMpefeNeHua QYHKIHNHA, YEOBJSTBOPAKIING YCAOBAAM
3—2"4 X, <X;<2n. Urobel YyTBEepHAATL, YTO (PYHKIIHA BOIPAC-

TaeT, ZOKaMmeM, UT0o 05 2x, > cos 2x,, UAu cos2x,—cos2x, > 0.
IIpeobpasyeM pasHOCTB ¢ NOMOINBK HOPMYA MDOJOBHHHOIO
apryMeHTa:

2cosx3—-1-2cosx?+1=2(cosxi—cosaxd)=
=2(cogx,+cosx)(cos x; - CO5X,).

BripaskeEne B IepBoil cKOOKe DNOJOMHTEIBHO, TaK Kak
GHYHKIHS Y¥=C08X B 4YeTBePTOH UeTBEpPTH NPHHEMAET MOJO-
MHKTeJNbHLIE 3HaYeHUA. PA3HOCTEL B0 BTOPOH cKoOKe MOMOIKU-
TeJMBbHA, TAK Kak QYHKIHNA Y =COSX BO3PACTAET HA MPOMe-

AYTKE [3—2“; 211]. CrenosaTenbHO,
cos 2x,-co82x, >0, cos2x,>cos2x,
¥ QYHRUMSA ¥ =co0s 2x BO3pACTAET Ha 3AJAHHOM TNPOMEXKYTKe.
2. Hatitu manboablmee H HANMeHLIUEE 3HAYeHVMA (QYHK-
LHH ¥ =c0s2x—-4c0SX Ha OTpeaKe [— s 2

2 2]
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Pemenue. Ilocne npeodbpazopanuil vh
aaninreM YHKIMIO B BlIae
y=2cosfx—1—-4cosx. 1r
Iyere f=cosx, Torza |t|<1, HO HA t _i ol 11 o
oTpesKe | -— %; % BHAYEHHA KOCHHYCA -1
HeoTpHMLATeNbHEI, T. €. Ogigl, Ta- +
KuM ofpaszoM, y=f(?), 1. e, -3
f(t)=2¢2~4¢-1,

ann f()=2(-1)>-3. Ha pucyake 1 pyec 1

naobpaken rpabur dyaroum y=7(¢)

Ha orpeske [0; 1], oTkyaa BuaHO, 9T0 — 1< f(#)<—3. Urar,
HANMeHbIee SHAYEHWe PYHKUUY Yy paBHO —3, HanbGosbilee
sHaveHue —1.

3. PeniuTs HEepABEHCTBO

Veosx—1»x2-9.

Pemenne. Obnacts oupeaeneEus QYHRIMHE y=yceosx—1 —
BCe JHAUEHMUS X, AAS KOTOPHIX cosx 1, Tar kak jcosx|<1,
To QYEKONS ONpeAe/eHa OPH BCEX X, IPH KOTOPHX cosx=1,
7. e, OpH x=21n, ncZ.

Takum obpasoM, rpabmroM GyBRIUR y=Vcosx—1 apnga-
eTCA MHOMECTBO Touex ¢ KoopauHatamu {2nn; 0), necZ.
I'padur pyHRIUN y=12x2—9 — mapalona ¢ BepmuHoi B TOU-
Ke (0; —9) ¥ TouKaMm mepecedueHHa ¢ ocklo Ox (—3; 0)
H (3; 0). PeimeHEHeM HepaBeHCTEA HABJAETCA eJUHCTBeHHOE
spagerme x=0 (puc. 2).

Puc. 2
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¥a

y =x cosx

Puc, 3

4. TocTpouth rpaduK QYAKOHU §=\XCOSX.

Pemenune. OfnacTe onpeaenenuda GyHxummu x>0, Tar
KaKk — 1gcosx <1, To nmpn x 30 BepHO ABOiiHOEe HEPABEHCTEO
-VxgVrcosx<\x. [Ina xamaoro ¥ us ob6aacTi ompeaene-
HUA QYHKNOEH MOXMHO HPOHM3BECTH YMHOKEHHE OPAMHAT (co-
OTBeTCTEYIONINX JaHHOMY X) rpaduror GyHRIRAE y= Vx u
y=cosx. Orcioza BUAHO, YTO rpaq:nx GYHKILHHM DACTIONOMEH
MEXKAY KPUBRIMH ¥y=\X M y=-—Yx, OpHueM npu x=2nn,
neZ, rae cosx =1, Touru rpadura NeKaT HA KPUBOH y= =V,
a npu x=2rn{n-1), n€Z,— ga xpusoit y=-vyx. I'padur
bYHEKIHE H300paXieH HA pPHCYHKe 3.

JafaHMA AN CaMOCTOATENbHOW PaGoTh

1.6] HocrponTts rpadukn GyEunii. C noMombl0 rpaduKoB
HafiTH 00jacTh ONOpele/IeHUA, MHOMKECTBO 3IHAYCHWH,
HAWMEHBIONE NOJOMHTENBHBIN TMepuosZ Kamxgollt uz
dvEKUpH, 8 TAKKe 3a0MCATL YDABHeHHA ocell cuMMer-
puu AnG Kaxaoro rpadpuka:

1) y=cos2x; 5) y=—-cosx;
2) y=cos0,5x; 6) y=—3coax;
8) y=2cosx; 7) y=cos(2x+ %);

4) y=0,5cosx; 8) y=cos(0,5x—%).
2.[5] BeiicHUTE, BO3pACTAET MJIH YOLIBAET Ha OTpE3Ke [-n; - -“-]

2
dyHRRINA:
1) y=—2co08x; 2) y=0,5c08x; 3) y=co80,5x; 4) y=cos2x,

12



3.[6] HoxazaTs, uro mpu Bcex x€ R BoapacraeT PyERKOEA:
1) y=cogsx+2x; 2) y=x—cosx.

4]7) HaitTu Ha oTpeske [—%; 0] HauGoIblllee H HANMEHbIIEE

SHAYEHNA DYHHIIUM:

1) y=cos2x-2cosx; 2) y=2cosx—-cos2x.
5.[7] Pemunte HepaBeHcTBO:

1) Vi+cosx»x?-4; 2) Vl-cosxg9-x2
6.7} PemnTy ypaBHeHue:

1) (cosx-—%) Vdxf-T7x+3=0;
2) (?—cosx) V3xi-4x+1=0,

7.[9] IocTponTs rpadnk byRROMNA:
1) y=2xcosx; 2) y=0,5xcosx;
3) y=\e‘._x'cos§; 4) y=Vxcos2x.
8.0] BerAcHNTS, ARIAETCA AN NEPHOKUUECKON ¢dbyHEINA:

1) y=xfeosx; 2) y=12X,
Vx

' § 4. Croiictsa dyHKkumm y=sinx
n e rpadpmk

Mpumepnt ¢ pewennammn

1. CKOJIBKO KODHell HMeeT ypaBHeHHe Xx2=4%°5?

Pemenue. IIpn x20 ofe wacTH ypapHeHHA IIOJOKH-
TeALHEI, MOTOMY KANXKAYI0 M3 HHX MOMKHO IPOIOTapH{MK-
poBaThk mo ocuHoBaRuio 2. IToayuum 2log,|x|=sinxlog,4,
oTKyAa log;|x|=sinx. PemupM moxydeRHoe ypaBHeHHe, Dan-
HOCHJIBHOE HCXOZHOMY, rpaduvecku., I'pabmkm GyBERuUBMi

e
YA y= 1oz

|
Aa
I
=
|
[
T
[y
ol
<
[0
a
3
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y=log,|x| u y=sinx mepeceratorca B AByx Toukax (puc. 4),
CJASAOBATEJIBHO, HCXOAHOE YpaBHEHHUE HMMeeT ABA KOPHA.

2, PeluMTh HEPABEHCTBO X8"¢x 1, ecan O<x < %, a>0.

X, a>0 naHHOe HOPABSHCTBO MOXMK-

Pemenue. [Ipn O<x < 5

HO NIPEACTABHTH B BHJIE
{(sinx-a)lgx>0.

1) Ecrxu ax1, to sinx—-a<0, rorga lgx<0, oTryna
O<x<l1.

2) Ecan O0<a<1, To sinx—-a MOMeT NPHHHMATL KAK IIO-
IOKATENAbHBIE, TAK H OTPHIATEAbHBIE BHAYEHEA {(pHc. D).

Tax Kak 0<x < %, TO HepaBeHCTBO sinx —a <0 BeImOAHA-
erca npn ) <x <arcsing, a EepageHeTRO sinx—a> (0 BLINOJ-
HAETCA TPU arcsing < x < % Hepaperctso lg x <0 BrllOnHA-
erca opu 0<x <1, a HepaBeHCTEBO 1g x> BrHIDOJIHAETCA TIPH
1 <x<% (no YCJIOBHIO 0<x<% .

TaxnM o6pazoM, HepaBeHCTBO (sin x —a)lg x>0 paBHOCHAB-
HO COBOKYIOHOCTH IBYX CHMCTEM HEPABEHCTE

z T
[0<x<arcsina, Arcsing <x < -,

O0<x<tl, l<x<%.

B nepsoii cucreme (< x <arcsina, ecau arcsineg<1, T. e,
a<sinl, u 0<x <1, ecan arcging=>1, 7. e. a>sginl. Bo Bro-

poii cucreme l<x<Z, ecam arcsina<l, T.e. O<agsinl;
arcsina<x<%, ecan arcsina>1, T. e. a>sinl.
Orser. 0<x<aresina, lcxﬂ-g— opu a < sinl;

O<x<l1, arcsina<x<-g~ npu sinl<a<1, a>1.

14



3. IocrpouTs rpaduk GYyHKUMH ¥ =8inx +8in2x.

Pemerne. ObnacTe onpeaeseHna (PYHKIEM — MHOME-
cree R. ©yHKIua HedeTHaA: 00MacTh ONpeleseHHA CHMMEe-
TPUYHA OTHOCHTEJLHO HAVAJA KOODAWHAT M And Bcex xER
BLIMOJHAECTCA PABEHCTBO sinx +sin 2x =—(sinx+ sin 2x).
CienoBaresbHO, AOCTATOYHO HOCTPOUTH rpadui axa x>0.
Iepuoa pyarouu papen 2n. Tarum ofpasoM, rpadur MOM-
HO OOCTPOMTL CHAuAMA Ha oTpeske [0; 2x].

Haitpem ayau GyHKIHK:
sinx +sin2x =0, 2sin %‘tcos X _0, sin3 -0, cos % =0,

2 2
OTKYHA 3T""=1m, neZ, §= +un, neZ, x=2"T". necZ,

x=n+2nn, ncZ.

x
2

vh

Yy =sinx + sin2x 2t

Puc. 6
Janee ana mocTpoeHHA rpaduKa CAOEHM OPAMHATE TO-

der rpadUxoE PYHRUMEA y,=sinx u y,=s5in2x u nmonyuum
rpadpur 3ajaHHOH QyHxknum (puc. 6).

3anaHna ANA CaMOCTOSTEeNbHOW paboTol

1.6} ITocTpoute rpaduxn dyaxnuil. C noMoineio rpadpuros
YRAa3aTh 00NMacTh ONpefesIeHHdA, MHOMKECTBO 3HAYeHHIl,
HAUMEHBIIHE DOJOMHTEABHLIN OepHos XaKAOW U3
GyEKIME, a TaKkKe 3anncaTh YPABHEHHA ocell CHMMET-
PHH AJA Kaxaoro rpadmural

1) y=sin2x; 5) y=—sinx;
2) y=sin0,5x; 6) y=-2sinx;
3) y=3sinx; 7) y=1-28inx;

4) y=0,bsinx; 8) y=1-0,56sinx.
2[6] BeracanTE:, CKOABKO KOpHeli HMeeT ypaBHeHMe:
1) 422 - 2sinx; 2) (x — 1)2 = Jelnx

15



3.[7] Pemmre HepaBeHCTRO, ecam x> 0:

1) xlgsinx > 1; 2) x2sinx—cusEx < %.
4.[7) Haittu o6nacts oupenedeHNA ¥ TOCTPOATE Ipabuk QPyHEK-
IHH:
- . — cos’x
1) y=tgxctgx; 2)y= T eing”

5[71 IlocrponTs rpadur PyEKRmNRN:
1) y=0,5sin(2x—%); 2) y=2sin(o,5x—§)+ 1;
3) y=sin2x 4+ 2ginx; 4) y=sin2x-sinx.

6.[8] Iipueect K BHAY y=Asin(ax+¢), HCCASNOBATH B MO-
CTPOMTE rpadur GyHKIHEH:

1) y=3sinx+4cosx;
2) y=-0,5s8in2x-1,2cos 2x,

§ 5. Ceoiictea v rpadpukn pyHkuun
y=tgx n y=ctgx

fIpumepbl ¢ pewesnammn

1. Pemiure HepaBEeHCTBO .e:inz.:rct;g~ll—2 >sin?x,
+ X
Pemeune, HepaencrBo Gyjer BepHBIM LNPH YCIOBHH,
yro tg L ;>1. Tak kaxk HepapenctBa 0< 1 > <1 Brimoxa-
l+x 1+x

HAKTCA NPH BceX JefCTBUTEALHBIX aHAauyeHmax x=0, To

tg : ;> 1, ecan 1 2>5. Orcona cneayer, tm-o|x|<\/i_1_
l+x 1+x%2 4 T

CaenopaTelbHO, PELICHHAMHA HEPABEHCTBA ABAdercsa ofbeau-
HeHHe HHTepBaJdoOB:

—\/i—1<x<0, O{x{\/i—l.
n n

2. Pemure HepaBencreo (x2—2x)(tg2x+2*1)<0.

Pemenne. OGnacTeio ompedeneHnA NAHHOrO HepABEHCT-
BA SABIAIOTCA BCC KEHACTBUTEABHBIE YHCAA Xz %+ nn, n€Z.

Tax xax Ha Bcell sToil ofaactu tg2x >0 m 2°71>0, To Hepa-
BeHCTEO (x2-2x)(tg2x+2*1)< 0 BepHo mpH x2-2x<0. Or-

cwaa x{x—-2)< 0 opu Beex x = %+nn, neZ, n 0<x< 2. Hau-
MH CJOBAMH, PelIeHHeM HepaBeHCTBA ABISIOTCA NMPOMEKYTKH

0gx<% K %cxg&

16



3. IIoctpouTes rpaduk pyERIAN I =2%*,
Pemenne. ObnacThio onpeneneHad PyHKOHH ABIAIOTCA

Bee AeiiCTEHTE/LHEE SHAYEHHA X 2 %+Tﬂl, n £Z; MHOXeCTBO

BHAYEHHHA — BCe NOJOMHUTeNsHHEe uncaa. Tak kxaxk pyHxnns
y=1gx nepHOEMYecKAd C HAHMEOHBIINM MOJOMUTEIBHEIM IIe-
puofioM m, TO M PYHKOHA y=2%* repuoaHdIecKad ¢ Tem xKe

mepnoacM. IlosToMy moeTpoHM rpadHK Ha MHTEDBAJE ( L 2)

4 3aTeM HPOAOMIKHM €ro Ha BCi0 YHCJAOBYKC oCk, Ha 3ToM HEH-
TepBAJIe BOZPACTAIOT B QyHRIUA y=igx, 0 PYRRUIMA y=2', a
cnefoBaTeNbHQ, BO3pacTaeT GYHKOHE ¥ =2 (0 TeopeMe ©
MOHOTOHHOCTH CHOHON DYHKLIEM),

Bmﬁepem 3 KOHMTPOJIBHEIE TOUKH, HALIPHMMED X=— 3’ x=0,

x-—I (sHavYeRMA ¢GYHEOHA COOTBETCTBEeHHO OyAyT paBHEL
0,5; 1; 2) n nocrpoum rpadpux (pme. 7).

Ua
2-.
v L] 0 Jfl I T
2 2 2

Puc. 7

SanaHug Ans caMOCTOATENbHON PadoTh

1[6] NocrpouTe rpaduxn dyaxnuit. C moMomplo rpadHKos
YKA83aTh O06IACTH ONpeAeNeHNA, MHOMKECTBO 3HAUCHMIA,
HAHMEHBMIUA [MOJOKHUTEARHBIE mepHOJ RaxAOH HI

GyRKIMAE:

1) y=tg2x; 6) y=—tgx;

2) y=1g0,5x; 6) y=—3tgx;

3) y=2tg x; 7) y-tg(ﬂ 5x+£);

4) y=0,5tgx; 8) y= tg( x——).

2.[6] BuscHATS, SBAAeTCA JM YETHONH, HEUSTHON WU He SAB-
JAeTca HU derTHoli, HU HeveTROX QyHKOHA:

1) y=tglx|; 2) y=—Iltgxl; 3) y=lctgx|;
4) y=—ctglxl; 5) yatg(x+%); 6) y=ctg(x+1).

17



3.[7] BuiacauTs, ABIAeTCa AM (PYHKLUA YeTHOH, HedeTHO,
n HOCTDOHTB r'pacpmc GyHROMN:

) y=ctg3;  2) y=|ctg 3.
4.[7] DoxaaaTs, yTo HYHKIUA ABAAeTeA DepHoauHeckoii. Haii-
T HaUMEHLIIHE NONOMKHTENbHBIA nmepuos QYHKIMK:
1) y=tgx+1; 2) y=2ectg x;
3) y=sinx+1tgx; 4} y=cos 2x +ctgx.
5.[7] PewnTs HEpPaBeHCTBO:

>sin? x.

1) cos? x; 2) sin’xctg 1 5
1+x

6.8] Pemrgth HepaBeHCTBO:
1) (x2+2x)(tg2x+3* )<
2) (x2-3x)(2* ' +etg?x)< 0,
7.[8] TocTpouts rpaduk byHKLMN:
1) y=tg2xctg2x; 2) y=tg(-x)ctg(-x);

3 y=(3)"" 1) y=5s=.

8.[0] PellnTh HepaBEHCTBO:
1) vtgx-1(og,,(2+4cos?x)-2)>0;
2) \T-Tog,, 2(1-3log,,, 2+ 2(log,, 2)) > 0.

§ 6. O6paTHuie TpuroHoMeTpuueckne GyHKLUN

fipuMepbl ¢ peleHnaMu

1. HaiiTn obnacTh onpemefieHHs QYHKIHA!

1) y=arcsin(2cosx); 2) y=arccos{ 3tg x).

Pemenue, 1) O0nacTeio oupepesieHHA QYHKIUN Jf =COS X
ABJAETCA MHOMecTBo R, 4 MHOKECTBOM 3Ha4YeHUii — orpe-
3ok [-1; 1]). O6nacTe onpeReneEna GyHKUUA Yy =arcsinxy —
orpeaox [-1; 1], caenomarensHe, —1<2cosx1, orryaa

—lgcosxg l Tax Kax arccos(—%) 23", a arccosé—— 3 TO

obnacTh onpeleNleHUA JAHHOK QYHKINH — OTPe30oK I 3" 2—“]

2) Ilo onpeaenenulo PyHKLUN y=arccosi apryMeHT mpH-
HaageXuT orpesky [—1; 1], caegorarensno, -1\ 3tgxg1,
OTHYAR — lg tgxg L3, 3HAYUT, B CHJAY BO3PACTAHUA PYHK-

\3

AN arctg(— \—) £x< arctg( 3 ) d, CIeJOBATENBHO, — g x< % .

18



2. HaliTH MHOMCECTBO 3HAYCHUIA (PyHKIUM
\2-sinx+cosx )
2\2

Pemenue. Ilocne npeolOpasopadnd NpHBeJeM (QPYHEIUIO
K BHAY y=barcsin(sinx). BHJeAuB Oeayio YacTbk U3 ApodH,

noayduM ¢{x)= %— ﬁ (sin x —cos x). BocnonesyeMcs MeTOROM

y= % aresin (

BCIIOMOTATEJIbHOTO YTJla M MPEeACTABHM PA3HOCTH Sin X - Cos X
B BHfe V2(-’l:sinx— ;%oosx) =V'2sin(x— %), roe é=arcoos z

V2
1 1 foina =11 i X
T. € 3 ” E(amx cos x) > 2\5\/53111(:: 4).
. T 1 1 . x
Tar xak |sm(x—z)|g 1, To 0<% E—Esm(x-z)gl, T. @.

0<o(x)< 1, mpaueM @p(x) MPpEHUMAET BCEe 3HAYCEMS U3 OT-
peaska [0; 1].

Tak k8K apKCUHYC BO3PACTAeT OPH BCEX AeMCTEHTENRHEIX
SHAYEHHAX X H3 o0JacTH onpefeseHud M arcsin0=0, arcsinl =

\,2—sinx+cosx)<%’ SHAYHT,

2v2
5 . (V2-sinx+cosx)_ 5
0< L arcsin (————2\5 )< 2’

npudeM GYHKOHA Y OPUHUMAET BCe JHAYEHHA H3 OTPEes-
. 3
KA [0, 2 ]
3. IlocTpouts rpadur pysxoan y=arctg$.

Pemennme. OfaxacTe onpeaenenus QyHRUHH x =0, MHO-
MeCcTBO 3HAUSHUN — AelicTBHTENBHBIE HMOJOMHTEIbHEIE YHC-
aa. PYHEKIUA veTHad, CASHOBATENRHO, €€ FpadMK cuMMer-
puveH oTHOCHTENBHO ocH Oy. Ilo TeopeMe 0 MOHOTOHHOCTH
ca0xkHO# PYHKOHHM cileayeT, UTO IPH BO3PAcTAHHMH x oT

Ao GecrOHEYHOCTH SHAUEHHA 1 yOuiBalor oT SecHOHEUHOCTH

2
o 0, a 3HaueHHs arctg -

' = UA
yORIBAIOT OT % o 0 (rouxa

(0; %) rpadHKy He upH-

"Hagnrexnr). BosbMeM He-
CKOMBKQ KOHTPOJLHBIX TO-
YeK H DOOCTPOMM rpadHK
GYHRUIMK CHAYAJA ANA TO-
JAOMHUTENBHEIX 4YHCeJ, & 3a-
TeM NMOJYIEM rpadHk, asob-
pa)xeHHHI na pucyeke 8. Puc. 8

-%, TO Os;arcsin(
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3afaHuna AN CaMOCTOATeNbHOR PaGoTil

1.[6] Haiitu o6nacTe onpefeneHns GyHRIGH:

1} y=arcsin(2cosx); 2) y=arccos(2sin x);
3) y=arcsin (\-Esin x); 4) y=arccos ( %cos .x);
5) y=arcsin(tg x); 6) y=arccos(ctg x).
2[6] HailTn o6iacTh ONPEAESCHAS H MHOJKECTBO SHAYEHUN
dyYHKOHE:
1} y=3arcsin{x+1); 2) y=3arcsin(x?-3);
3) y=—arccos(x+2); 4) y=5Sarccos(5—x?);

5) y=0,5arctg(2x-5); 6) y=3arcctg(8x+1),
8.[7] Hafitu MHOMecTBO suauerui GyERI AN

1) y=arccos|x|; 2) y=n—|arctgx|;
3) y=cosarcsinx; 4) y=arctg 22” .
x°+1

47| BoiacHuTh, ABNgeTCA AU UeTHOHN, HEUETHOH MM He AB-
JAeTCH HHU 4YeTHOH, HU HedeTHoH QVHRIMHSA:
1) y=arccos|x|;
2) y=larcetgx|;
3) y=arccos(cosx);
4) y=sin(arcsinx).
5[8] Haitru MuosxecTBo sHa4YeHUH QPYHKIMHU:

1) y=8 arcsin (3(einzroosx) =42 3,
n ay2

cosx—sinx
2v2
6.[8] INocrponTe rpadpuk GyHKIHH:
1) y=arctg %;

2) y=%arccos(

2) y=arcctg lz .
X

7.[8] IlocTponTk rpadukm HyHRIMIA:
1) y=2aresin(x+1) u y=2sgin(arcsin(x+ 1));
2) y=0,5arccos(2+x) m y=0,5cos(arccos(2+ x));
3) y=arctg(x+1) u y=tg(arctg(x+ 1))
4) y=arcetg{x-1) u y=ctg(arcctg(x—1)).
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" KonTtponbnaa paboTta

1. IToctpouTk rpadur GVHRIHH
= _“: = x
y—cos(x n ) [y sin(x+§ )]
M YKA34Th MPOMERYTKHM MOHOTOHHOCTH.
2. Haittyn MHOMeCTBO sHaweHHil PyHRIINK
y=3sin%x +cos2x [y =cos 2x + 3 cos® x].
3. Uccenexoparh HyHKIUMIO
y=tg|0,5x—%| [y=ctg|2x+—’35|]

¥ MOCTPOUTL ee rpadui.
4. PemIATsL HEPABEHCTBO
(ctg % - %sinx) Vidx—-x2+520
[(2sin2x-tgx)V2-x-2x2<0).

5. HaiiTu Bce pelieHHA HepaBEHCTEA
cosx—sinx—cos2x>0
[Bin x 8in 2x < 8in 8x 8in 4x]

Ha HHATEpBate (0; 27) [(0; %)]



IIpousBomHaa u ee
reOMeTPHUYECKHHA CMBICJI

§ 1. Npenen nocneposarensHocTH

NMpuMepn ¢ POLWEHUAMN

-1Ynr+5
1, Moxaszars, YTO NOCJEROBATENBHOCTE X, = ¢, neN,

OrpaHHYEHA, Va®+2
Pemenune. JokakeM, UTO CYIIECTBYIOT UNCAA €, H C;,
TAKHE, UTO ANA JIOG0ro WieHa NOCHSAOBATEALHOCTH X, BhI-
IIOJHAETCA HEPABEHCTBO ¢, € X,% €3, nEN. Ilockoabky axa
MOAYAA UUCIUTENA JpobH CIOPARBEAJIMBC HEPABEHCTBO
[{(-1)n+5|<]{(-1)n|{+5=n+5, a Axa sHaMeHaTeJa Hepa-

BeHCTBO V\n®+2>n, To

F(—I] ﬂ+5|< n+5 =1+é€6,
\nf+2 n »
T, ¢. |%,/€6. CnegoBarenrno, cooTHoiieHne —6<x,<6 BHI-

HNOJAHAETCA AJd BCSX YIeHOB NOCJNemoBaTL/ILHOCTH, M OOCHAE-
A0BATEJIPHOCTE OrpaHHYCHA.

2, HokasaTh, 4TO NOCHCAOBATENBHOCTL:

100-n8
1) x,=n"=* neN; 2) xu=ﬁ

[x,]=

He ABAAETCA OrpaHUYEHHOI.

Pemenue. 1) Iloxaxem, ure gaa nwoboro C>0 naiger-
cA 4JeH IoclnegoBaTenwHocTH, Sonpmriit C. eiicTEHNTeNRHO,
ecnu n=2k, roe k€N, 10 cos2rk=1 u x,,=2k. Caeaona-
TeABHO, eCRH Telep: B3ATH IPOM3BOJALHOE IIOJOXHTeIBHOe
yucae C u deTHoe uyucjao 2k, Ooarniee C, TO cIipaBeANNBO
HEPABEHCTBO X»,=2k>C, 1. e. ana mwoboro C>0 maligercs
ujaeH MocieAoRaTenbHocTH, Goanmuil 3agaHHoro uucaa C, u
nOCJedoBaTEILHOCTE He SABJAETCA OTPAHHMYEHHOMN.

2) IloraxkemMm, uro gna nwoboro C >0 uainerca x,, ANA KO-
TOpOro GyAeT BRINOAHATHCH HepaBeHCTBO (x,|>C. Ua dbopmy-
AB OfIIero uJeHA HMeeM
100
S| 1,
fx,|= =n .
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Ecar n>6, To 10':'<— % 1—@>—, a 0<1——<1 no-
P 2 a? 2 n?
e
aTOMY (X, |=n———>n %=i'2- JInA TpoOM3BONBHOTO II0OJO-
10
1__

n?

surennHoro uucna C soasMem i > 2C (Ranpumep, n=[2C]+1),
roraa |x,|> %>C, M, 3HAYUT, AQHHAA NOCIEAOBATENBHOCTH
He OrpaHHWUYeHa.

3. HorazaThk, YT0 NOCAEACBATEJNBHOCTE X,= 3

nt’
yObiBAEeT, HAYHHAA ¢ HEKOTOpPOTO HOMEepa.

Pemienre. NokameM, uTO KaKILIA NpeABAYIODHHA dIeH
HOCASJOBATEJBHOCTH, HAMHHAA ¢ HEKOTODOI'C HOMEDA, GYII,ET
Goxabie nocaAeayoLero. I[Jlﬂ ITOrO paccMOTpHM OTHOLIEHHE
x a+l

aet 37l 8 _ Bean >3, ro S 3 —=5 <1, ¥ moBTOMY BHI-

X, (n+1)13 n+1 P

IONHAETCH HEPABEHCTBO - ool 1 m, anatm'r, Xyp1<X,, TAK
"

kak x,>0. CaexosaTeasno, NOCACAOBATeJLHOCTH YOHRIEAET,

HA9HHAS ¢ n=3.

nenN,

4. HoxazaTh, YTO '13112 g‘:*‘f a%. HaitTn HOMep N, Ta-

Koif, uwTro nHpu Bcex n3zN, cunpaBeinIuUsd HEPABEHCTBO

6n+2 & — P P
-3-;7-—-5|<a ang £=0,1; €=0,01; £=0,001.

Pemerue. IIo onpegenenuo npeaena nocrefoBaTeNasHO-
CTH YHCJIO % ABNAETCA NPeASIOM NOCIeNOBATENIbBHOCTH, €CAH

ang nwoboro £>0 mafinerca moMep N, Tarco#, uro mpm Bcex

n >N, BHIOJHAETCA HEPABEHCTBO |%:~_"%—%|48. Tax Kak
| 5n+2 5 |_| 11
3n-1 3(3n 1) 3(3n—1)’
TO HEPABEHCTBO % —§|<e pPABHOCHJLHO HEPABEHCTBY
11 .
@D < €. IlonyyeHHCE HEepaBeHCTEO BepHO ANA AGOro
11+3¢ 6nt+2 & 11+3e
n>-—g—=. CilenoBaTenLHo, 3n-1 " 3 |<s mpH > .

3HAUNT, B KAUECTBe HoMepa N, MOKHO B3ATh DEJAYI YacThb

UHCTA l—l-éﬂ-s-, T, €, Ns=[%]. TaknmM o0pasoM, JOKAZAHO,
n+2 _ 5
9710 hm m-1-3°
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OTBeTHM Ha ETOPYIO YACThL SAASHHA, AJS YET0 HAHAEM HO-
Mep N, Takoil, uro npu Bcex n>N, cHOpaBeaAnBO He-

pPABEHCTBO |5"—"'f-—%|<e axa £=0,1. IIyers £=0,1, Torma
_[1t+3.0,1] _[113] _

Ns—[ 9.0.1 J [ 0.9 ]—12, T. e, N, =12, CneaorareasHo,

HEPABEHCTBO | 5“"'2 - %|<:0,1 cOpaBeAINBO ANA Beex n=12.

AHayorauHo MO)RI-IO HaliTi Homepa N,, HAYMHAA C KOTO-

PHX HEpPABEHCTRO ‘%—%Lﬂa BHIODOJAHAeTCA Ana £=0,01;

£=0,001, 910 6ygyT yucaa 122 n 1222, 3ameTHm, 9T0 ZaH-
HAd TIOCJeA0BaATeNbHOCTE X, = 5’;*’? UMeeT Tpeaell, YTO O3HA-
YaeT, 4TO OHA CXOIAIMAACH.

5. JorasaTh, UTO
lim\/;=l npu a>1.

Pemenne. BBe.zl;eM ofo3HAYEeHNE \a 1=q¢,. Torga a,>0
n a={1+0,)", 4YTO OO HEPABEHCTBY Bepnymm ((1+0L)“> 1+
4+na opu a>—-1, n€N) Be MeHblOe nC,, HHRIMY CAOBAMH,

(1+a,)">na,, win azna, Orcioaa 0<o,< % RAH BCEX N,
CrenoaTebHO, O CROACTRY 2 CXOAAMMXCA MOCTENOBATENb-
HocTel }i_h.ngloan =0, a li_%ﬁsl{%(l +a,)=1,

3anaHus Ans CaMoOCTORTENbLHOW paboTbl

1.[5] BamncaTe ¢opMyay oblmero ujJeHa NOCAEOBATEJILHO-
CTH, [EPBEIMH YIeHAMH KOTOPOH ABAAKTCA THCIA:

1) 8; 14; 20; 26; 32; ...;
2) 2- gc io E- ..6_- .
] ] ] 4} LA EE ]

3 5’
3) _0,5; 1,5 _4 5’ 13 5, _'40 5’ l!‘,
._1._4,_3,_86,
4) _2! 29 3’ 4‘ 5; er

2.[6] MokaaaTs, UTO NOCIEXOBATEAbHOCTS {X,}, 3azaEHas Gop-
Mymoii o0IoDero wieHa, orpaHyueHa, e€CHM:

2n2-1 n2+4n+8
1y x,=>—=—"-: 2 =R t4n+3
) +n?’ ) % (n+1)°
3{7} Moxasars, uTo NocAeAOBATENBHOCTS {X,}, 3aganHas dop-
myaoli ofmiero uneHa, He OrpaHHYeHa, €CHH;

1) x,=n*-n; 2) x,mn+(-1Y'n;

8) xy=(1-n)" 2;  4) x,=—n=t=
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4.[6] HoxasaTs, uTo MOCHETOBATEALHOCTE {X,}, 3agaHHAd GOP-
My.noii oﬁmero yjaeHa;

D x,= -m, yOnIBaoman;
2) x, 2;2 » BOSPACTAIIIAR;
3) x,= L

4) x,,=%, yOLIBAIOIAA.
57 lina pannoii mocaenoBaTeILHOCTH {X,} HaliTh sHAUeHHSR 71,
opH KoTopwx |x,-b|<0,01, |x,-b|<s, ecan:
1) =%, 5=0,6; 2) x,= 241, b=1;
Sn+1

g1 S

8.[8] Haiitu upe,::e.n:

4-n2  a?i1, -n? | n®+2).
D hm( nel T Aol )’ 2) Al_.}'g( 2+n | a-z )’

3) lim(Ve¥+8n-n);  4) lim(n-V2n+n2).
7.[8] Haiitu npeae:

1) lim(Va?—1-n-1);

2) lim (V> +n-Va®~n),
8.9] Haitrn limx,, ecmu:

(=2 g0
1) x,= (n+2)! 2) x,=————.

§ 2. Npepen dyuxumun

MpumMmepsl ¢ peweaHNIMH

1. C pmoMompic onpefencHHA HOpejena PYHRKIMHA OOKA-
38Tb, 4TO
limsin x=sina,
X
Pemenne. JoraxeM, uro AndA moboroe £> 0 HalizeTca 60
(aapucAlLiee OT £), TAKOE, 9TO AJs BCeX X, YAOBJIETBOPAIOMHMX
yeaobuio O <|x —a|<8, cupasennuso HepaBeHCTRO [8inx—sinal<e.
Tag KAK JAAA KaXJAOr0 X COPABeZJIHBC HEPABEHCTEO
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|sinx|<|x|, To, BBINOJHHB IpeOOpPASOBAHHE ¢ MOMOIEI} 34-
MEHEI PASHOCTH CHHYCOB HX HNPOM3BEACHHEM, HOJIYUYHM

lsinx¥ —sina|=2|cos x;“ sinx—;‘1|€ 2‘sin x-z-a lélx—al.

Tarkum obpasom, [sinx-—sinal|<ix—ai<d ana xammoro x,
yaoBJaeTBopAKImero ycrosnie 0<ix-al<d. B nauecrse &
MOKHO B3fTh €, TOTAA BepHEIM OyAeT COOTHOMIEHHE
[sinx—singl<|x—-al<d<eg, ChnegoBarenbro, AOKA3aHO, UTO
limsinx=sina.
X - a
2. ToxasaTeh, 4TO QYHKIUA Y= 12 e umeer npefesa TIpH
x—0. *

lx

Pemenue. Ecau x>0, 0 -; =1, OTKyZa cAeAyeT, UTO

npeaen PyExuMu copaes B Touke O pasex 1. Ecau x <0, To
|x.
X
—-1. Tax KakK STH NOpeAenbl He COBIAJAAKT, TO (YyHKIHA

X
y= ]T HEe HMeeT IIpenejga B TOYKeE 0.

=—1, u noaToMY npeaes PyHKIHH B Touxke O cieBa paBeH

3. HaifiTu BepTHKaJNLHBIE ACKMOTOTH Ipadhuxa pyHKOIHRA
f(x)= T&_“
x“-4x-3
Pemenne. x*—4x-5=(x-9)(x+1). Ecam x— -1 uan
x—5, o x*—4x~5—0. CnegosareapHo,

= oo, 1111'1—2—*—00.

im —
=t xf 4x-5 x 5x2-4x-8

TakuM o8pasoM, BePTHKANBHEIMH ACHMIITOTAMM SBIAITCA
npaMuie x=-1 n x=5.

4. HaliTy ropusoHTANEHYI) ACUMATOTY rpadnra GyHKIHH

2 +3
flx)= =252,
Pemenue. PazgenuMm Ha X YUHMCIHTENbL H 3HAMEHATENB
243
x
Apobm, zagaroumielt ¢yuriuio. Ioayumm f(x)-—l. Tax
1-%
3 2x+3 =2,

KK OpU X —co BepHO, HTO ;—»0 21 —;—*0 TO 11m

H, CIeJOBATENLHO, ¥ =2 — TOPUIOHTANLHAA ACHMITOTA I'DA-
ura PYHRIHU.



SanaHMa Ana CaMOCTOATENAbHOW paboTh

1.[6] Hocrpoute rpadnx ¢pymkuuu y=F(x) 1 Ha rpadmxe
OoKA3aThE, YTO (QYHKOUS HMeeT HpeRe] NOpH X —d.
(3amaTe 3EageHne €>0 I NOCTPOHUTE COOTBETCTBYIOIIYIO
ATOMY 3HAYECHHIO §-OKPECTHOCTE TOUKH a.)

1) y=”2‘:. a=3;

x2 npu x»-1,
2) y=

npn x<=-1, a=-1;

3) y=|x_3|’ a=39
4) y=|x+1]+2, a=-1.

2.[7] DokasaTk, uTO ONpH x —a GYHKOHA y=F(x) He HMeeT
KOHEUHOrO IpefeJa, ecau:

= lx+2) g,
1) y= +2|, a=-2;

2)y ’ a=2.

3.[7] Haﬁm TaKoe 3HaYeHue &> 0, WTob6Rl H3 HEpABEHCTBa
0 <|x-a| <8 cremoraso HepaBeHCTBO | f(x)—A|<g, ecan:
1) f(x)=x% a=2, A=4, £=0,001;
2) f(x)=sinx, a-%, A=1, ¢=0,01,

48] Ona xaxporo uucaa £> 0 walTe Takoe qucao §>0, npu
KoTOpOM M3 HepapeHcTBa 0 <|x—al<d cAexyer HepaBeHCTRO:

1) |M 2|<e, ecnu a=1;

2) |ﬁ—9|<e, ecnn a=3.

5[8] Doxasare ¢ moMowIbI0 ONpeAeseRud npepena byHKIIUM
COPABEAIAEOCTE YTEEDXKACHHAS:

1) li_lg (2x-3)=3; 2) lin}(7—3x)=4;

3) lim|x—2|=0; 4) 111:3\/F=0.
6.@ HaliTe BepTHKANBHEE ACHMNTOTH rpadukxa byHKITMAN:
-2+, _ x-7
Dy=S1%3 2) ¥= 33}
1 5
3 = ; = -
)y 2% +5x-3 Dy 3x%+x-2
7.[7] Haiitn I‘opuaom'a.nbnme ACHMITOTH rpadmera GyHKOHK:
Y= 133 ¥=3x_1"
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87! Berunenuts mpegmens::

1) limw; 2) lim x_ﬂ,

x—=1 1-x x—-2  x?_4
2
3 limx +4x-5, 2.‘\? +8x-1,
MmO Mm ST
s Yx=-1-2, \B4x-2
Nm =5 6 lim =
7) im(vxt +2x2 - 1~ Vat - 2x% - 1);
X

8) lim(Vdx?'+ 18x2— 7 - 2x2).

X —oo

§ 3. HenpepbisHocTs $yHKUMK

NMpumepsl ¢ pelieHuaIMN

1. BolsICHHTE, SBJIAETCA W GYHKIHNA

x2_16
f(x)=1{ x+4
8 mpu x=-4

opu x=—4,

HEIIPEePEIBHOH B TOYKe x=—4,
Pemenne. Ecnrn x#-4, 1o f(x)=x-4, H mnostomy
lu'nf(x)——S Tar wax f(— 4) 8, To llmf(x);tf( 4). Cae-

E[_(;B&TGJIBHO, dyaxona f(x) ne ABIAETCA Henpepmnnoﬁ B TO4-
Ke x=-—4, T. 8. x=-4 — TouKa paspeia QyHROnE f(x).

2, Horazats, uTo PyHRUUA

flx)=Vx

HeIIpeprIBHA B KaMgoll Touke a > (.
Pemesne. IIo onpeaenennio GyHEKOHUA, ONpEege/eHHAA B
OKPECTHOCTH TOYKH &, HENPEPBIBHA B TOUKE &, ecJu lim f(x)=

F o
=f(a). B cooTBeTcTBHK C OnpejejieHHEM nOpelesa (GYHKLHHK
B TOUKe HYMHCO JOKA3ATH, YTO INSA KamAOro £>0 cyllecTBy-
eT Takoe 8 >0, yro AgA Awdoro x U3 obNKCTH onpeIZENcHUA,
VAOBRJIETBOPSIOMIETD YCHOBHIO |X—al<5, BepHO HepaBEHCTEO
[f(x)-f(a)|<s.

IIpeofpasyem MOZVJABb PASHOCTH, & SATEM OINEHUM ero:

0<|vx —Va|=12-8l ¢ lx-al
vz+ia  \a
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Tak rKak limjx—eal|=0 u %— BEeIAUYNHA NDOCTOAHHAA, TO

£—a

lim =2l 20, Cnexosarennuo,

r—a VY4
lim|Vx —Va|=0,
Xx—a

n moaromy limVx =Va. 3raunr, dynxnus f(x)=Vx Hempe-

x—qa

PHIBHA B Ka:RAON Touke a> 0.

3. OdyHRIUA
x3 27
flx)="—"%
He ONpegeJeHa B TOYKe x=3. OIIDG,EIGJIHTL €e B TOUKe x=3
Tak, ITO6H MOMyIHBIIAACH HYHKIUAA GRLIA HEeDPEPLIBHA IIPH

x=3.
Pemenmne, Haﬁnemhmxa 27

—hm(x2+3x+9) 27. Ecnn
noaoxuTs f(3)=27, To (bymcunﬂ
%% -27

f(x)=4 x-3
27 mpn x=38

npe x=3,

Ovaer senpepeiBEA B TouKe x—=3. TakmuM o6pazoM, dyHKIIAS
JZoonpeneseHa 110 HeIpPepLIEHOCTH B TOUKe 3.

3apaHmMs ans CaMoOCTOSITeNbHOW patoTh

1.[6] IMocrpouts rpadmx PYHKUWM ¥ BHACHHTE, ABIHETCH
i GyHKIMsa HenpepeIBHOU B ToOuke a=1, ecam:

1) y= 8—x% opu x<1,
x+1 upm x>1;

3_ 2 1’
2) y= x® npu x<
x-1 nopu x>1;

(8—x2 mpu x <1,
8) y=1 3 mpr x=1,
(*+1 npr x>1;
(3—x2 mpm x<1,
4) y=1{2 opu x=1,
|x+1 npm x>1.
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2.[7] BaiacHuts, apagerca au GYHKIONA HenpephiBHOHM B TOU-

Ke g, eclu:
1) y=8-x% a=-2; 2) y=|4-x|, a=4;
2 2
3 =x—1, =1; =x+1, -0
Yy="7_;0=1 4) y 7.8 0;
X _9’ x;t_ay
5) y=1 x+3 a=-3;
-8, x=-3,
, x=1,
6) y- x-1 a=1a
1, x=1,

3.[8] HoxasaTe, uro GVYEKNDHA Ff{X) HeImpepulBHA B Kam Kol
TouKe O0JIACTH ONpeAeseHIA, €CJIH:

1) f(x)=2x-1; 2) f(x)=2-3x;
3) f(x)=x% 4) f(x)=x3.

48] Npn kaxom sHauenuu d dyuxumus f(x) Gyaer menpe-
pLIBHA B TOYKe a4, eCJH!

x2-25
— ux<-5,
1) flx)=] x+5 7 a=-5;
d npu x=-5,
2) fla)= 0,5x+‘d opu x<-—2, a=-2;
(x+2) mpm x>-2,
x-9
npu x 0,
3) fx)=|x+d T a=0;

5—-x npu x>0,

(x+d) opn x<1,
4) f(x)=4 8 a=1?
g opm x> 1,

5.[9] ®yaxknua f(x) He onpezeneHa B Touke x=a. Onpeae-
NIHTE € B TOUKe X=4d TAK, 4T00B NOAyYuBHIAACH
dyHKnuA GLila HeNpephHIBHA B 3ToH TOYKe, ecjm:

2 3_1
1) flxy=X=1, g=-1; 2 =Xl a=1.
yr@=2=l a=-1;  2) flo)= 57

6.[8] Hocrpours rpadpnk byHKOUN U YKAZATE MHOMECTBO TO-

YeK, B KOTOPHIX (HDYHKIHA HeIPEePHIBHA:

-x npun x<—1,
1) f(x)={

2
x2+2 npn x<0, 2) f(x)=1 2
x—1 opn x>0; -7 mpm x>-1.
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§ 4. Onpepenesne Npon3BoORHOR
NMpumepol ¢ pelleHnaMN

1. C noMoIOBI0 OIIpeAeNeHHdA NPOU3BOAHOM HANTH 3HAYE-
HHe NMPOM3BOAHOH dyaxrmmu f(x) B TOUKe X, BCAH!:

1) fix)=1, x=1; 2) f(x)=8lx+1|, x=—2.

¥’
PemeHne, 1) CocTapuM pPasHOCTHOe OTHOIIEHUE
1 1

Flx+B)—f(X)  (zeh)? 2
h - k

¥ HaligeM ero mpejen npm x=1
1

-1
2 2
u h—0: lim 08" jim =2R=R )y 2R
h—0 h 20 A(1+B)2 k=0 (1+h)?

2) CocTABAM pPA3HOCTHOE OTHOINEEMNE szﬂ =

= 3|[x+h)+;|_3|x+1| u uaiizeM ero mpegen opu x=-2 u h— 0

-2+h+1|-8|-2+1} —lim 8Ah-11-3 =1im 3-8x-38 -3,
h A0 h £—0 h

lim 2!
ppery
2. Hafity npoussoaayio dyaxmuz f(x)=x\Vx.

Pemenue. Ilyere x>0 (P OpoTHBHOM caydae Ipemen
lim flx+Rh)-F(x)
k-0 i
NOAHANOCE HeDABEHCTBO |A|< X, COCTABHM DA3HOCTHOE OTHO*
LIeHUe U HaleM ero npegei:

(+R)vx+h-x\x —lim ((x+ANx+A-2xVvX){(x+h)\x+ A+ 2\ X) -

He cyuiecTsyet). Brbepem 4 Tak, uTo6nl BhHI-

lim —_—
h=0 -0 Rllx+M)vx+h+xyvx)
3_,8 2 2,8

=lim {(x+hRY -x =1lim Bx“h+3xh“+h

B0 R{(x+RVTHRAxVE) A0 A((x+ANEFA+xVE)

2 2 —_—
—lim Sl +3xheh? | 8% 8.
A0 (x+M)\x+h+x\x  2xvx 2
3. Briacuntn, umeer amM HyHRIEA F(x)=|2x~5| nmpomns-
BOJAHYI0 B TOUKe x=2,5,
Pemenne. CocranuM pASHOCTHOE OTHOMNIEHHWEe U Haliflem
ero 3Ha4YeHHEe NOpPpH x=2,5;

[2(x+#)-8|-12x-5] _ |5+2h-5I-15-5] _ |2h| _{2 npu k>0,

h h k| -2 mpm k<O,

CJIe,Il,OBaTeJIBHO, PaZHOCTHOE OTHOIOEHHAEe He HMeeT IIpepesa
npa A— 0 1 DpoM3BORAHAA B AAHHON TOYKEe He CYLIECTBYET.
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3afaHns ANA CaMOCTONTENLbHOW paborel

1[7] C MNOMOILBI0 OIpPefeNIeHHT OPOHU3BOAHOM HANTH 3Hade-
HHe NTPOM3BOIHON PYHKUHH f(X) B TOUKe X, eCNH:
1) f(x)=3-4x, x=-1; 2) fix)=2+3x, x=4;
3) f(x)=56-x% x=5; 4) f(x)=5x+x2%, x=-8;

5) f(x)=-\i_, x=9; 6) f(x)=3x, x=—8.

F 4
28] C NOMOINLI0 ONpeleNeHVS IPOW3BOAHOW Haltrm npous-
BOJTHYIO QYRKOUW:
3—
D fo)=—15; 2) f(x)=\x.
14+x
3. HaitTu cropocTs MaTepHaabHOH TOYKH, ABMKymeiica
NpAMOANNEeHHO o 3aKOHY $(f), B MOMEHT BpeMeHH {=Db,
rae { H3MepseTca B CeKYHAaX, & § — B MeTpaxX, ecjau:
1) s(¥)=5¢-100, b=1; 2) s(t)=2t+ 5%, b=";

3) s(t})=5¢2-2¢, b=25; 4) s(1)=-5612+2¢t, b=2.
48] BriscuuTe, HMeeT IH QYHKIKA MPOUIBOLHYIO B TOUKE X,
eCJIH:

1) f(x)=|x-1), x=1; 2) flx)=lx+2|, x=-2;
3) f(x)=vx-1, x=1; 4) f(x)=\x+2, x=-2.

§ 5. Npasuna audPpepenunposanma

NMpumepw ¢ pewieHUaIMU

1. HailitTe mMpoM3BOAHYIO PYHKIINU:

1) f(x)=(x®-2x2+x—-1)% 2) p(x)=x3(2-x)2

Pemenne. 1) Pyaknna f(x) cnomuas, mpHueM y=x%—
-2x?+x~1, a f(y)=y?, crneaoBaTeNbHO, NMPONIBOTHAA CHAOM-
HO# ¢yHRUAE HaxoauTceA Mo dopmyiae (F(g(x))) =
=f'(g(x)) -8 (x). Tar rar f'(y)=2y, a g'(x)=3x2-4x+1 no
npasuay And{epeHIHPOBAHUA CYMMEI, TO o dopMyae opo-
UBBOAHON CHOXHOH GYHEKIHH HAXOIUM

(P*-2x24+x-1)Y=2(x*-2x2+x-1)(8x2—4x+1)=
=6x5—20x1+24x3-18x%+10x- 2.

2) Iponasoanywr GyEROAN ¢ (x)=x3(2 - x)? MoKHEO HalTH
ABYMA NYTAMHK. BO-IepBBIX, MOXHO BOSBECTH BTOpPO MHO-
FATEJNE B KBAAPAT, YMHOMUTE HA X° B MPpHMERHTL HPABHJIO
HAXONKACHHI OTPOHIBOAHON cyMMBI. Bo-BTOpBIX, MOXXHO IpH-
MEHUTEL MPABAIO0 HAXOXMAEHHUA NDPOHIBOAHOI NpOM3BemeHHA:

(F(x)- g(x)y =f'(x) - g(x)+(x)- &' (x),
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rae f(:’C)-*:!r:8 F(x)=38x% g(x)=(2-x)%, g'(x)=2(2-x)(- 1)-

-2 npmemmu JTY HPONBBORHONM CcaosKHOH
Tonyuum ¢’ (x)=3x%(2- x)'~”+x3(2x 4)=Bx?- 16825+ 12x2.

2. Haiite npousrogayio GyHKNEH, ofpaTHON K dyREOOH

f(x)= ix;: , x>-3,

Pemenne. Ilyets x = - 3. Haltaem dyaknuo ¢ (x), obpar-

HYyI0 K ASHHOH, IJd 4dero BupasyM x depes y, TOraa
=)= 52

3-y°*
oTKyaa y=f(x)= 3“5-

$(3-x)-(3x+56)(-1) - 14
(3-z) G-x*

¢’ (x)=

SanaHMA AN CaMOCTOSTENbHON padorTm

1.[8] Marepuansuas Touka Maccolt 2 KI ABHMeTCA MPAMOIH-
He#iRO mo 3arony s(2) ( — BpeMa B CeKyHJaAX, 8§ —
paccroaane B Merpax). HaliTu cHOpOCTE HBHIKEHHA
TOYRH B MOMEHT BpeMeHH f, ecau:

1) s(t)=t3—-1,5¢2+2¢-1, £=8;

2) s(t)=268-2,5t2+8t+1, t=1;
3) s()=(5-1)(2¢—-6)+50, t=4;
4) s(t)=(6-£)(2t+3)-18, t=2.

2.{6] Yrox noropoTa Tena BOKPYT OCH MAMEHAETCH B 3ABHACH-
MOCTH OT BPEMeHH N0 3aKoBY ¢(¢) (¢ — yroa B pagua-
Hax, ¢ — BpeMAa B CeKyHI&X). HafiTm yrioByw cKo-
POCTh BpallleHHA TeJa B MOMEHT BDeMeHH I, ecnmH:

1) ¢(t)=0,3t2-0,5¢+0,2, t=10;
2) o(8)=0,5t2-0,2t, t=5;

3) p(t)=4t-0,8¢2, t=2;

4) ¢(#)=1,5t-0,1¢, ¢t =10.

8.[6] TemnepaTypa Tena H3MEHAETCH B 3ABHCHMOCTH OF Bpe-
MeHr 1o sakoRmy T(¢) (¢ — Bpema B cenynaex, T —

TeMOepaTypa B rpaaycax). HaiTu cKopocTh M3MeHeHN
TeMOepaTypH B MOMEHT BPEMEHH £, €Cau:

1) T=0,2t3, t=10; 2) T=0,6¢2-2¢, t=5.
4[6] Haiita npoussoauyo GysEroum:

1) 2x*(x—~3); 2) (x +4)3x%

3) (5x+T7)0,5x%  4) -;- x%(4 - 3x).
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5[6] BuisicHATE, TPH KAKWX SHAYCHUAX X NpoOH3BOAHAA DYHK-
nun f(x) pasua 0, ecam:

1) fln)=35285 2) f(0)=- 250,

2x-38° 3+2x°
- 2
3) f(x)=f;:~5; 4) f(x)= 2512,

6.[7) HaitTu npousBogHYIO PYHKLHK M 3HaYeHMe NPON3BOA-
HOolt mpn x=-1:

1) y=(x2+3x-2)% 2) y=(x*-2x248)%
B u=(TF%)5 Hy-(F5)

7.[8] Haitma npomsroguyo PyHKINU, o6GpaTHOH K (HyHKIMN:
1) y=2:82; gy, 3-8

§ 6. MpousBoanas creneHHoH GyHKLUK

Mpumeps ¢ peLlueHUIMH

1. Haiitu npouspogayio GyHRIHH

F(x)=V1+x2, xR,

Pemenne. [Janaaa GYHKOUA ABAAETCHA CJHOMHOH, rge

=1+x2, f(y)=Vvy. llosToMy ee NPOHIBOAHYIO HAXOXUM II0
dopMyNe OPOUIBOAHONA CHAOKHON GYVHKITHH:

1y 1
'-Zx, -’J‘_’-( E):n— _-!=~—1—
y (VyY=\y y v
X

Taxnm obpazomMm, f'(x)= 1,_ 2x= .
2vy V1+x2

2. Hajitu npousBoxHYIO (PYHKILHH
12
f(x)=(v’35+ é) :
\x
Pemenne, Hafifjem OpoH3BOSHYIO IO QJopM;luIe NPOH3BOX:
HOM cloxHOH dynrmun. IIyeTs y=\Vx + \l_ =x2+x 2, Toraa
X

f=y*m f'=12y''-y’', cnegoBaTeasHO,

1 1
r_ o _1_ 11 l E-—l._.l —E-l -
TS
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Sananna ana camoctoaTenbHoi paborel

1.[6] Cuna Toxa I maMeHAeTCA B 3AaBHCHMOCTH OT BPEMeHH #
no sakomy I(f), rge I — cuja Toxa B amMmepax, ! —
BpeMa B cekyHAaX. HaiiTH ¢KOpOCTE H3IMEHEHHS CHJIK
TOKA B KOHIOE YKASAHHROH CeXYHJRI, eclu:

1) I=0,4¢2+0,56¢, t=8; 2) I=2t%-5t, t=10.

2[7] Haittu npouspoaRyn QyHKIHN:

3
1) y=Vz+Vz+Va; 2) y=x*Vai+2"Vx;
3
3) y=x3-l+%; 4) y=x2+i,_+§f;;
=* ')
-8
5) ymx ‘+6x:{/§—%; 6) y=——2;+‘§E+ 44 .
73 * xVx®

8.[7] Hailttu anaudenue npousBoxHONH GYHKOHE OPH X=a!

— _x - = - ] x _
1)9— .‘I:+l’a lo 2)y Wsa 20
48] HaiiTi Ipou3BOAHYI0 HPYHKIHH:

13
1) y=Vox?+Vat+ 1; 2) y=Vo+7V2x;
3
-4 [1-2%, _1“Ia.x+b
3 y= 1423 ) y= ex+d’

"~ § 7. NpounseoaHbie aneMenTapHLIX GYHKLMIA

fipMMepsl ¢ paleHnaMm

1. Bricora h cHApana, BBUJIETEBLIEr0 C HAYANBHOH CKO-
POCTHIO U, HOA, YIVIOM ¢ K FOPH30HTY, HSMEHAETCA IO SAKOHY

h=(uvysing)t- %, rae i -— BpeMA, § — YCKOPEHHE CHARI

raxecTd. B kakroil MOMEHT CKOPOCTL H3MEHEHHA BBICOTH
CHApAAA HAJL TOPH30OHTOM pPABHA HYIWO?7

Pemegne., CrOpOCTs M3MEHEeHHs BEICOTHI CHADAAA HAJA
POPH30OHTOM HAXOAMTCA KAK NPOHIBOAHAA QyHKROuM k().
Haitaem k' (f)=vysino — g, OTKYAA CHROPOCTh A3MEHEHU BhI-

COTH cHapsAza OyAeT pABHA HYJNIO IOpH (= Eo_‘;iﬂ.
2, HaliTH Opod3BOABY0 (PYHKIIHM:
1) y=23+¥=, x¢%+1m, nez;

=In\/—¢ _ -
2) y=In Treme’ TR TN neZ.
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Pemenme. 1) HpumMenum apasxasl opasmwio andxbepenmn-
POBARHRA CHOXKHON HYHRIUH, NONYyduM

¥ =8%+In3- (tg?x)' =3**In3- 2tg x (tg x).
C.ne.nona'renbﬂo, OpOoHN3BOIHAA HMEeT BH[I

¥=2In3.3u L .2

COs" X 2

2) C nomompio ceoiicTe norapudMoB yOpocTHM hopMyay,
HOTOPoit 3afana QVYHKIUA, MOAYUYHM

+nn, ncZ.

= %lne*-%ln(1+sinx], ,',r-£ - —ln(1+sinx)

HaligeMm OponM3BOAHYIO ¢ HOMOINEI0 UDPABHA HAXOKALHHA
OpoN3BOZHON B GOpMYJI OPOMZBOAHLIYX IEMEHTAPHRIX (PyHK-
i
ral_ 1 (sinx) 1(1_ cos ¥ )
¥ =2 "2 1ismnz 2 1+sinx /°
ITonyueRHOE BHIpAXKeHHE MOMCHO YOPOCTHTH, BHIPASHB CHHYC
H KOCHMHYC Yepe3 TAHIEHC NOJOBHHHOTO APTYyMEeHTA:

X X X
_1_(1+sinx-cosx)=l 14 2teg _ 1-t.g35 14 2teg _
2 1+einx 2 14?3 1+t 3 1+4g* 5
b 4 x x
1 1+tg? +2t',g~-—1+1:g2 ' 1+tﬁ§ _ t.gi(tg§+l) _
2 x,2 x2
 4eg? 3 (1+w3) (1+23)
X
-5
=
1+tg 3
3. Hatttu upoussogayro oymxmme y—=( o ¥, x>0,

NPeZBAPHTENBHO EBIOONHHB JOTapAdMHPOBAHHEe (PYHKIAM.
Pemeune. Paccmorpum oyExodio z=Inly|, T.e. 2=

=-1n( x+1) (BHIpAIKEHHE B CKOOGKAX CTPOro IMOJOKATENBHO, IO

yeropuo x> 0). Ilo npaeuny auddepeHINPOBAHAA CAOMCHON
byrxmun 2= 1 ¥, OTKyAa ¥ =z'y. IIlpumennmM cpolicTBa Jora-

padMor, moayuuM z=x{lnx-In(x+1))=xlnx-xln(x+1).
Ilo mpapHuiaM HAXOMASHHA nponanonnux AMeeM

Z=Inx+1-In{x+1)- +1 =In xf—l N xil +1.
CrexoBaTensuo, y'—( xi; )x‘(ln x:-l - x+l +1)
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SafaHu| ANN CaMOCTONTeNbHOR paboTsl

1.6] Haiith npomsBoaryo GyHEKDHM:

1) y=x%sinx; 2) y=x2cosx;

_ sinx , - 208X,
3) y= 2l 1) ¥ e’
5) y=sin®x+sin3x; 6) y=cos!x+cosdx;
7) y=log,(x*-2x+1); 8) y=lg(x*-x-2);
9) y=Insin®x; 10) y=I1gcos3x.

2.[7] Haittet npomspoanyo (YHKIAH, NPEABAPHTENHLHO IDH-
MeHHB JorapudMuposanne, ¢IATAA, 4YTO x> 1;
1

1) y=x5; 2y y=x7%;
B y=(1+1)5 o y-().
3.[8] Hatirna IPOH3BOZHYI DYHKIHMN:

1) y= 2sinx=; 2) y= smsx;
3) y=log;log;log, x; 4) y=Inlnlnx?

_1 VZ2+ 23 \2, - 1-sinx
Dr-ea(Eg) 0wy

48] BusacHATD, IpH KaKAX 3HAMEHHAX X NPHHENSET IIOJO-
JHTeNbHLE JHAYCHHA OPOH3BOAHAA (PYHKIHH:

1) y=V6+x+1In(2—x); 2) y=V5+x—~In(3-x);

3) y=VT+2x+In(4-~x); 4) y=yVx+1-1In(2x+ 38).

6.[7] Teno maccoit m=1,5 nEuKeTcs NpAMoOIHHEHHO @O 3a-
Kony 8(f)=1*+£+1. HaliTH KMHETHYECKYI0 SHEPrHIO
Teas dYeped § ¢ Mocke HAYANA NBHMKeHWA (MAacca m —
B KHJIOIDAMMAX, IYThL § — B MeTpPAX, BpeMsa ¢ — B ce-
KYHOaX).

6.[7] Paanyc mapa Bo3pacTaeT DABHOMEPHO CO CKOPOCTBIO
b cm/c, KakoBa cropocTh maMeHeHHa ofbeMa Inapa B
MOMEHT, KOrAa ero pagayc CTAHOBHTCA paBHEM 50 cm?

2 § 8. reomeTpuuecKnii CMBICH NPONSEORHOM

Mpumepsl ¢ pelweHnaIMN

1. Hadite roury rpadmka pysxomum y=x2-5x+3, B KO-
Topolt KacarelbHad K 3TOMy IrpadHRY:

1) mapannenssa npamoit y=3x-1;

2) DepneHAWKYAAPHA K Opamoit y=3x-1.
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Pemenne. 1} NIge npamue y=kx+b, n y=k,x+ 5, oa-
panmensHE TOTHA M TOABKO TOrja, Koraa k,==Fk, Vriosoii
roabdanmesT KacaTeasHoi K rpaduKy GYHKIHH B TOUKE X,
paBeH

y' m(x§—DBxy+3) =2x,-35.

JTa npaAMas napaanensEa npavol y=3xr-1, ecan 2x;—5=3,
T. 8 Xy=4. OyHRUUA y=x?-5x+3 Opu x=4 OPHHAMAET
3HAuUeHHe, paBHOe — 1, CAeAOBATENBHO, HCKOMAS TOUKA HMe-
eT koopsuHaTH (4; - 1).

2) Ipe npamue y=k,x+b, u y=k,x+b, (B, =0, k;20)
B3AMMHO IePUNEeHARKYJNADHBI TOCAA M TONBKO TOrAa, KOTAA
kk,=-1. ¥ranoeoili roadhduumenT KacaTeAbHOW K rpaduky
B TOUKe paBeH

y' =(xi-Bxe+3) =2x,-5,
T. e, BR;=(2x,-5)3, 6x;—-15=-1, x,= %. Buxagenne QyEK-

IoHHN NpH x-% PABHO — %, HCKOMAA TONMK& HMeeT ROOpAaH-

7. _29
A )
2. Haitra yron mexay rpaduxamu $yHrnumi
y=Vx m y=x2
E TOYKe HX pepecegenns (x=0).

Pemenne. ¥Yraom Mexay rpadhuramu byHRKIUE B TOUKe
HX OepecedMeHUA HASHIBAIT VoA MeXKAY KAcaTeJbHBIMU K HX
rpadukam B aroii Toure. Tarrenc yriaa ¢ MexAy NIBYMA IpA-
MbIMB Y=k x+b, u y=kx+b, (kl¢k2, O<p= %) HAXOJAAT

ka—k
no ¢opmyne tgq:=| 1: kgkll

TO =13.

HATEI (

, ecan kk,=-1; ecan kiky,=-1,

Afcuucce_Touex mnepeceveHus rpadukoB HaiaeM M3
ypasEenus Vx =x%. IIpn x>0 MOXHO 3anMCaT: X =x*, OTKY-
aa x;,=0, x,=1, Hajtzem TaHreHchl YIJIOB HAKJOHA KAacCa-
TeNLHBIX K IDadHuKaM:

WEy=-1, = —1l. (xty=2x, 2x,=2.
2\ x

HafizeM no dbopMyie BeJIHUYNHY TAHIEHCH YA MEXAY Kaca-
5"
1+3-2
3
rpadukaMi B Touke ¢ abGcomecoit 1 paBen arctg’z.

TeAbHEIMHA: tg = =%. Taxum ofpaszoM, YroJa Mexay

38



3ananua AN CaMOCTOATeNbHOW paboTn

1f6] Hanucares ypaBHenme kacaTelbHo#l K rpadmiry dbysEk-
nuu y¥=f(x) B Touke ¢ abcuuccoli x=g, ecam:

1) y=1-sin(2x-3), a=0;
2) y=1+2cos(x+1), a=0;
3) y=sindx, a=—%;
4) y=cosdx, a=%.

'Y

2[7] HanucaTs ypapEeHHe KacaTenbHOR K rpabury QyHK-
uuu y=7(x), napannensHoil JaRHOH NpsMoii:
1) f(x)=In(1-x%), y=1-x;
2) f(x)=In(3x-2), y=38x-1;
3) f(x)=In(x%-2x-8), 2x+3y=1;
4) f(x)=In(8-2x-x?), 2x-3y=1.
3[7] Hanncats ypaBHenue KacaTeasHON XK rpadury QyHK-
oun y=F(x), napanrenvHOit ocm QOx, ecam:
1) f(x)=xt-4x+1; 2) f(x]=x‘+32x—3;

3) f(x)—m 4) f(x)= m

4.[8] Haiitu Touxky rpaduia PyHKIWA, B KOTOPOH KacaTelk-
HAaA K 2TOMY rpadHKy NepOeHAHKYAAPHS K JAAHHOH
opamoii:

1) f(x)=x*-x+1, y=2x-1;
2) f(x)=Inx, 2y+x=-1.

5.[9] Haittu Touxrm nepeceuyeHHA M BHACEATH, IO KaKHM
yriaoM nepeceraiorca rpabmru GyERDmit:

1) f(x)= x’ 2 g(x)=x%
2) f(x)—; n g(x)=Vx;
3) f(x)=x2-4x+4 u g(x)=—x+6x-4;
4) f(x)=4x2+2x—-8 u g(x)=x*-x+10.
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* KonTponsuas paGota

1. Haiita opeaen pyHrona:
1) lim 2 +4x-5 ; 2) lim ¥5+x-2

x—2 xi-=1 r—-1 X+1

s X2+ Bx—6 . ¥8+x-38
D lim=—>==":2)1 —_
[ Yim =1 P Im =

2. BuIAcHUTE, OpH KAKOM 3HAYCHHY @ PYHROUA
1-2x opn x<1, ax® npu x<2,
f{x)= 2 opu x>1 f(x)= %npn x22 ]
HENpEPHIBEA B TOUKE Xo=1 [x,=2].
3. Baiitu npoMsBoZHYI0 PYHKIHM:

_ _sinxy _ .
1) ¥= 1oz’ 2) y=In(sin2x)

[1) y=382; 9) y-lg(cos3x)].

4, Hannucats ypaBHEHHEe KACATEALHOH K rpadmuky GyHxmMn
f(x)=In(4-2%) [f(x)=In(9-x?)],
napajIenbHoOM npamoit 3y—-2x=1 [x—-4y=1].

5. Haittn Tounu nepecevenusa rpa¢pukoB dyERIui
f(x)=\/§sinx H g(x)=\/§coax
1= m s0= %],
BHIACHHTH, NOA KAKUM YIVIOM NepeceKaloTCA 3TH rpadmKm.



IIpuMeHeHHWe IPOU3BOLHOM
K MCCJeIOBAHNIO QYHKIHUM

4 § 1. Bospacranmne u yGnieanue byHKUNM
NMpuMepsl ¢ pelweHnaMN

1. HaiiTa HaETepBaiLl BOSPSCTAHNA K yORBAEUA GYHKIHR

f(x), ecan:
1} f{x)=x°-5x*+5x>-2; 2) f(x)=(x-1)*(x+2)%
3) f(x)= =2, 4) f(x)=(x—3)2 e,

(x-2)*’
Pemenne. 1) Tak Kak
f(x)=5x%—20x%+ 1522 = 5x2(x? - 4x + 8) = Bx?(x— 1)}(x - 3),

0 f'(x)>0 npn x>3, f(x)=0 opu x=0, x=1, *x=3 u
F(x)>0 npn x<1, x#0, Ilo Teopeme 2 dyuruus f(x) Boa-
pacraer opu x <0, O0<x <1, x>3.

Ilpa 1<x<3 Bunoaasercs HepapeHCTBO ['(x)<0, m mo-
sroMy PyHKOHs f{x) yOusaer na uarepBane (1; 3).

2) F)=2(x-1){x+2)*+8(x-1)(x+2V=
=(x+2)*(x—1)(5x+1), f'(x)>0 upn x<—2, npu -2<x<—%
1 opx x> 1. CrepoBarenrsHo, GyHKIAA f(x) BospacTaeT npu

x<-2, -2<x<:—% " x>1,

Bcau ~%<x{1, 0 f'(x)<0, ¥ nDoproMy dyERUIUA f(X)
yORIBAeT HA HHATEpPBAJE (—%; 1).
8(x-3)(x-2-(x-8°2(x-2) _

(x-2)*
. IIpn x<0, 2<x<3 Bu x>8 cOopaeesHBO Hepa-

3) Ecam x=2, To f'(x)=
_5e-3x

(x-2)°
BeHCTBO f'(2)>0, n mosromy dyaxousa f(x) sospacTaer Ha
arHX HHTepranax. Ecam O<x<2, 10 f'(x)<0, ® nmosromy
dyaruua f(x) yGeieaer na muTepBaxe (Q; 2).

4) Ecnns x<0, To f(x)=(x-3)Ye¢e*, f(x)=2(x-8)e >~
—(x—-8Y e ={x-8)(5-x)e*.

Ecmr x>0, ['(x)=2(x-3)e*+(x-3)e*=(x-3)x—1)e".
Orciopa cneayer, uro f'(x)<0 npr x<0 m npm 1<x<«8, a
F'{(x)>0 npr 0<x<1 u opu x>3.

ITosToMy dyHEnIRAa f(x) BOspacTaeT HA HPOMEXYTKAX
OQ<x<lu x>3 ¥ yOupaer npu ¥x<0 1 npu 1<x<3.
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2. Hgﬁm BCEe 3HaUeHHA &, OPU KOTOPHIX GYHHIHA
f(x)= % —ax?+(a+2)x+5 sospacraer Ha R.

Pemenne. Tak kark f(x)=x?-2ax+a+2=(x-a)’+2+
+a-a? 1o f'(x)>0 nopu Bcex x€R, ecau a’-a-2<0, T. e.
opn -1<a<2,

Ecrm a=-1, 10 ['(x)=(x+1)% ecaim a=2, o ' (x)=(x~-2)%
Orcrona chaeayer, 4To GyHKEDMA f(x) ABAAeTCA BO3PaCTald-
meii na R, ecinm —1<ax 2.

3. Jokasats, uTo ecnu x>0, TO BRIIOJAHAESTCA HEPABEHCTEO

2
ln(1+x)>x—%.
Pemennme, Paccmorpum cdyarnuo ¢(x)=In(l+x)-x+
x? R S _ x?
+5- Tak xak ¢ (x)—~—1+x 1+x---—1+x >0 opu x>0, TO
dbyuroua ¢(x) ABnAercda Bospacrawinein npu x> 0. Oyur-
nua ¢(x) HenpepsieHa Ha orpeske [0; x] ana awboro x>0.
ITosToMy 0HA BO3pacTaeT Ha B5TOM OTpesKe H ¢{x)>¢(0), rae
¢(0)=0. Cnegoratensso, ¢(x)>0 npu x>0, T. e. BHIOAHA-
X

eTcA HePABEHCTBO in(1+x)>x—? npu x>0,

SanaHnua ANs CamMmocTOaTENbHOW paboThl

HajfiTnm HETepBAJAN BO3IPACTAHHA MU YOLIBABEUA (PYHKIIHN
f(x) (1—7).
1[4] 1) f(x)=x%*; 2) f(x)=(x-1)2e?=,
2.[58] 1) f(x)=3x%-25x3+60x+3;
2) F(x)=3x*-50x%+1835x+ 7.
3.[5] 1) f(x)=Vv2x%+9x2; 2) fx)=xV(x+ 1),

4[5] 1) f(x)=?3x_+2- 2) f(x)= 22 +3x+2

2, 8x+2 ¥ -8x+2
5.[6] 1) f(x)=

6T 1) f(x)— 5)2, 2) f(x)= ‘2 ";

7-@ 1) f(x)= (x2 1)e"; 2) f(x)_(x2 4) e i,

8.9) Haititu BCe 3HAUEHHA 4, IPH KOTOPHIX GYHKOuA f(x)
ybeiBaer Ha R:

1) flx)=-L + Latx+5;

2) f(x)=(%-1)x3+ax2+2(a—4)x+4.
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B

9.[10] Mokazats, uro npu x>0 cUpaBesANBO HEDABEHCTBO:

1) e>l+x+L;  2) e>1+In(1+2).
10.[10] MoxasaTs, uro ecnu O<x < %, TO COpPABEAARBO HEPA-
BEHCTBO!
2 3
1) cosx> 1—%; 2) sinl:t;>a1:—":i .

§ 2. BkcTpemymbt PyHKUMK

Npumepn ¢ pelIeHNIMM

1. HaiiTu cTanmHoHAPHEE TOYKH GYHKIEA:
1) f(x)=xt—14x2 4+ 24x+8;
2) f{x)=3in2x- % cosdx.

Pemenne. 1) f'(x)=4x*—-28x+24 =4 (x%-Tx +6).
CranuoHapHRIe TOUKE (QYRRUUHN f(X) — KOpDHH YyDABHeHHH
x3-Tx+6=0. HalifeM sTH XOPHH, DA3ZJOKHE MHOTOYIEH
x*-Tx+6 mnHa wmuoxuTenu. Hmeem x*-Tx+G6=x%—x—
-6(x—-1)=(x-1H22+x-6)=(x-1)(x-2)(x+3). Cnenosa-
TeIBHO, X,=1, x,=2, x;=-3 — cTauUoOHAPDHHE TOYKE
byuxnun f(x).

2) "(x)=2cos2x+28indx=2co82x{1+28in2x). ¥Vpas-

HeHne f'(x)=0 paBHOCANBEHO COBOKYINHOCTH ABYX YPaBHeHnit
T piti

cos2x=0 n sin2x--%, HMEJOIINX KOPHH X=_+ 5 H
x=(—1)“+1%+%, ncZ. Haliaenntle 3HAYGHUS X — CTATHO-

HADHKIe TOYKH HyHKOUH f(x).

2, Halitn Touku skcTpemMyMa GyHERUMH f(x):

1) f(x)=x+6x*-15x+4; 2) f(x)=x°+5x*4+5x2+38;

2
3) f(x)-ﬁ“:—f;;; 4) f(x)=|xl(x+2)%.
Pemenue. 1) Tax Kak
f(2)=3x2+12x-15=3(x+56)(x~1),

TO X;=—5 # xy=1 — crazymonapusie Toukn GyHKmME [(x).
IIpn mepexoae uepes ToOuKy X, NpousBogHas [’ (x) Memser
3HAK € NAKCA HA MHBYC, A IIPH DIePeXOAe Yepes TOUKY Xy —
¢ MHHyca HA miioc. CleaoBaTespHO, X;=—% — TOYKA MAK-
CHMyMa, a ¥;=1 — rouxa MuHAAMYMA (YHKIHH f(x).

2) ¥pasmennme 5x*4 20x? + 15x%=5x3(x + 8)(x + 1) =0 umeer
KopEH X;=0, x,=-3, xg=~-1, Touka x,=0 =e ABIAeTCH
TouKolf sKeTpeMyMa, TAaKk Kak GyHEIHMA f(x) BospacTaeT Ha
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npomexyTrax (—-1; 0] m [0; 1). TIpu nepexoae uepes TOUKY
X,=—3 npoH3BOAHAY [ (X) MeHAeT 3HAK ¢ IJIIOCA HA MHHYC,
a4 IpH Oepexofe 4epe3 TOUKY X3;=-1 — ¢ MHHyca Ha ILIIOC,
IToaToMy x;=--3 — Touxa MaxcHMyMa, 8 Xg=-1 — Touka
MHHAMYMa byaxnun f(x).

3) dynruns f(x) auddepeEnupyema npm Bcex x€R,
Kpome x¥=1, npuyem

£ (x)= (8x% + 4x)(x - 1)% - (x® + 22 2(x-1) o let1)x(x—4)
(x-1)* -1

Orciona caeayer, uro —1, 0, 4 — cTanmMoHADHEIE TOYKH
¢byurnun f(x). MerTogoM MHTEPBANOB HAXOZHM, 4TO f'(x)>0
npu x<-1, 0<x<1 u x>4, a fF(x)<0 mpr -1<x<0 u
l<x<4. Tak ®KaK Ipm nepexoje yepes TOYKY xr=-1 npoua-
BogHas f'(x) MeHAeT 3HAK ¢ MJIOCA HA MHHYC, a IIpH Iepe-
XoAe 9epes ToYKH x=0 B ¥=4 — ¢ MMUHYCA HA IAKC, TO
x=~1 — TOYKa MAKCHUMyMa, & X=0 @ X=4 — TOUKU MHHH-
mymMma GpyERIMR f(x).

4) dyarnus f{x) nuddbepennupyema npu Beex X<R,
Kpome x=0, n HempepeiBEA B Touke x=0. Ecm x>0, To

Flx) mx{x+2)3, f’(x)=(x+2)3+3x(x+2)2=4(x+2)"’(x+%);
ecad x <0, 1o f(x)=—x(x+2)8, f’(x)=—4(x+2)2(x+%). Or-
ciofa craexyer, uro f(x)}>0 mpm x>0, npu x<—2 ® npm
—2<x<—%, a f(x)<0 npn —%<x<0.

, x#1.

IIpu mepexoze 4epes TOURY x=—% TNIPON3BOAHAA MEHIET
3HAK ¢ IUTIOCA HA MHHYC, 4 IPH Hepexoae yepea Toury x=0 —
¢ MHHyca Ha naioc. Iloaromy x——-—% — TOUKA MAKCHMYMA,

a x=0 — rouxka MuHHMyMa dyHxuun f(x). Touka xr=-2
ABAAETCA CTANACHAPHOH ToOuKoM dyHroum f(x), HO He gBNT-
eTca TOYKON axcTpemyma, Taxk xKax f(x) — Bospacraomasn

OYHRIUA IpE X < — ;—

3afaHuA Ans CAMOCTOSTENLHOW PaboTn

1./4] HaiiTn cTanuoHapHbIe TOYKH (DYHKIAH:

1) f(x)=38x1-8x*-6x2+24x+3;

2) f(x)=8x*+4x%—24x*—48x+ 7.

Hafitu Touru axcTpemyMa oyarmun f(x) (2—86).
2[5] 1) f(x)=8x°-50x*+13bx+4;

2) f(x)=3x%—25x3+60x4+17.
361 1) f(x)=x*-8x*+22x2-24x+5;

2) fix)=xt—4x2+68x2-4x+9.
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48] 1) f(x)=xde 2) f(x)=(x+1)e,
5061 1) f(x)= §/(x—2)’(x~4)2; 2) f(2)= U1 -2) (x+ 2.
6.[6] 1) f(x)-

2)”

# § 3. Hambonbiuee M HauMeHLWee
3HaYGHUA PYHKUUN

Mpuwmepn ¢ poeLIeHUAMN

1. Haiitu nanboxsinmee M B HAHMeHBIOEE M 3HAYCHHA
dyakmuu f(x) Ha MEOKecTBe E, ecan:

1) f(x)=2x*+3x%-12x+5, E=[-8; 4];

2) f(x)=(x+2*(x-8)’, E=[-3; 1};

3) f(x)=sinx+ %sin 2x, E [0 3"]

4) f(x)=Ix*+2x-8|+3Inx, E-[

Pemenne, 1) f(x)= 6x3+ﬁx 12=8(x+2)(x-1). ¥Vpas-
HeHwme 6(x+2)(x—1)=0 umeer KOpHH X;=—2 1 x,=1, Haii-
AeM sHauernsg GYHRUMH f(x) B Toukax -2, 1 m B KOHOax
orpesxa [-3; 4). Torga M — mamGoanmee w3 uncenx f(-3),
f(=2), f(1) u f(4), a m — HaumMeHbIIEe N3 9THX uHced. Tak
Kag f(-3) 14, f(-2)=25, f(1)=-2, f(4)=133, o M =133,
m_—

2) f(x)-2(x+2)(x 3P +8(x+2P(x -3 =bx(x+2)(x—3).
¥paBrenne Bx{x+2)(x—8)’=0 mmeer Kopam x;,=-2, x;=0
n xX;=3, Touka x=3 He ABAAETCA TOYKON DBHCTPEMYMA
dyeroun f(x), Tax xax f(x)>0 Ha unrepranax (0; 3) u (3; 4),
a x=—-2 u x=0 — TOUKH SKCTpeMyMa (IpM Hepexoje He-
pesa »rH ToukKH [(x) Menser sHar). Tak kar f(—3)=-2186,
f(-2)=0, f(1)=-108, f(1)=—T72, To M=0, m=-216.

3) f(x)=cosx+cos2x=2c0s’x+cos x—1=(2cos x-1)(cos x+1).
¥YpasHenue (2cosx-1)(cosx+1)=0 pABHOCHABHO COBOKYII-

HOCTH ABRYX YpaBHeHHiH cosx=—;- u cosx=-1. Ha oTpeske

[0; 3—,:] Kasaoe N3 »THX ypaBHeHHH nmeer eAMHCTBeHHEIN

KOpeHb: xl=% — KODeHL NEPBOTO YPABHEHMHA M X;=T —

HOpeHb BTOPOTO ypakHeRund. Tax xayx f(0)=7f(x)=0, f( )
=38 F(2)=-1, 10 M=38 oy,

4) PDyaxknna f(x) HenmpepHBHA HA OTPe3Ke [ 25 2] " aud-
tdepeHIIHpyeMa BO BCEX TOUKAX 8TOT0 OTPE3Ka, 38 HCKAW-
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geHHeM fToukM x=1, IIyere xe[%; l), Torga f(x)=

=(x+3)(1—x)+%lnx=—x2-2x+3+%lnx, fx)=-2x-2+

+ 3 __4xf+4x-3
2x 2x

Ke [%, 1) €ANHCTEBEHHBIH KOpPeHb x,=%.

Eonn x€(1; 2], 10 f(x)=x2+2x-3+ LI, f(x)= 22ltbe+d

n ypaBHeHHe ['(x)=0 He HMeerT ,nel'»ic'rnn'renbumx KOpHeI,
HalineMm snavenus GyHROUM f(x) B TOUKAX — 2 2, 1. Tak kak

1(1)=%-3m2, F@=5+3m2, 1(1=0 = F(V<f(L), ro

M_5+gln2, m=0.

. ¥pasnenue {'(x)=0 uMeeT HA TPOMEXKYT-

2. Cpenx Bcex paepnoGeApeHHNX Tpe- B
VrOJbHHKOB, BIHCAHHEIX B JaHHEIH
Kpyr, HaliTH TpeyroJhEHK ¢ HAUuGOJR-
UINM TNEPUMETPOM.
Pemenne. IIvers Tpeyroasuuk ABC
BOMCAH B Kpyr paauyca R, nDpuuem
AB=RBC (puc. 9). O6osnauum £ BAC=aq. o

Mo Teopeme cumycoe AB=BC=2Rsina, 4 ¢
AC=2Rgin(r—2c)=2Rsin 2a.

Ilyere P(0) — mepuMerp TPEYIOJBHH-
ka ABC, Torza P(o)=2R(2sino +sin2a), 09

rae D<o< — . Orcona HAXOZUM

P'(a)=4R(cos2a +cosa)=4R(2cos’a+cosa—1)=
=4R(2cos—-1)(cosa+1).

Ypasneune P'(a)=0 umeer ma HHTEpBAIE (0; %) eqNHCTBeH-

HBI#i KOpeH®B a—g, npayem P'(a)>0 npn OLE(O; 1) u

P (a)y<0 opu ae(s, %) CinepoBaTenbHO, YHEAO P(% aB-
aserca HauboapmuMm sHadeHHMeM (yHxumnm P(o) Ha uHTED-
BaJIe (0; %) Ho ecan LBAC=(1=§-, 10 £ BC. =%' H, 3HA-
unt, LABCm= %, T, e. AABC — pasnocroponnu#t, Hrax,

cpeaH BCeX PABHOBEADPEHHEIX TPEYIrOJAbLHUKOB, BIMCAHHEIX B
AaHHEI Kpyr, mamboiasmuit NepUMETDP MMEeT PaBHOCTODOH-
HHil TpeyroJsnHHK.

3. OnpeneanTnL pasMepsl 3aKprETOR KOopoOxmu ofrema V ¢
KBAJpPATHHIM OCHOBAHMEM, HA MSTOTORNEeHHe KoTopoil pacxo-
ayerca HaHMeHbIIee KOJAHYECTBO MATEpPHAJA.
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Pemernne, IIycTe ¥ — cTOpOHA OCHOBAHHMA Kopobku, i —
BLICOTA KOpoOGkHM, § — maomase ee NONHON NOBepXHOCTH.

Torza S=2x*+4xh, V=x2h, orkyaa S(x)=2x2+ % , M, clie-
BOBaTenAbHO, S'{(X)=4 (x - % )

YpaBHeane 8'(x)=0 npu x>0 uMeeT eAUMHCTBEHHHI KO-

peHb X,=VV, mpuuem IpA nepexofe depes TOUKY X, QYHK-
naa S'(x) MeHAeT 3HAK ¢ MuHHYca Ha mape. CaegosaTeabHO,
Xg¢ — TOYKA MEHHMYMA ¢yHKUHN S(x), a 2ucao S{x,) apaa-
eTCA HAUMEHLIIHM 3HAYCHHEM 2ToH (pyEKmau npu x>0. Hs

3
dopmyart V=x2h caeayer, uro ecnmum x=VV, 1o E=VV. Tarunm
obpaaoM, BLICOTA KOpPOBXM moaxH& GHITH PABHA CTOPOHE $0C°

HOBAHMA, T. €. KOpofKa AoKHA GHITH KyOoM ¢ pebfpomM VV.

4. HaliTu pafnyc oCHOBAHHSA LHANEAPA HanGoABIIETO 00B-
€Ma, BONCAHHOTY) B map pazuyca H.

Pemenne. Ilyers r 1 A COOTBeTCTEBeHHO PANHYC OCHO-
BAHHA H BHICOTA OMJIHHAPA, BOHCAHHOIO B map paguyca R,

V — obbem uununapa. Torga V=nrih, (%)2+ r’=RZ?, oTKyaa
V=2nr?YR?--r2, rpge O<r<R.

Ofosraunm t=r2, Torga V=2ntVR*-¢, roe 0 <t<R?, oTRy-
Aa Vi=4nit*(R?-t), Tak xax V>0, 1o dyaxmua V(¢) umeer
Ha urTepBane (0; R?) Te ke TOYKH BKCTPEMyMA, ITO H PYHK-
uA

2
f(#)="C8 | x e f(1)=12(R2- 1),
4n
Haitaem xpuTAveckHe ToukM Pyaxuum f(¢), pemas ypas-
HeHue f'(2)=0, 7. e. 2tR?-3{2=0. D10 ypaBHeHNe UMeeT Ha

unrepsane (0; R?) eamucreeHHMIT KopeHL #,= , IpHYEM

2r?
3

TOYKA I, ABASETCA TOUKOil MarcuMyMa PYHKNUH, 4 THCIO
f(ty) — manbonbmnm snagenuem dpynrnuu f(f) Ha HETEPBa-

ne (0; R®). CregoBaTelbHO, IpH r=VZ=R\/§ dyurupa V(1)

NpAAEHMaeT HauboJiblllee 3HAYEHME, T. €. PAAUYC OCHOBAHHHA
DHAIRBAPA, BOHCAHHOT'O B ILHAD pAagTHYCA Rn HMERIEero Hau-

Sonpmuii of’beM, paBeH R\/’% .

5. PaccMATPDHRAIOTCA BCeRO3MOMHLIE MapaGoJiBl, CAMMET-
PUYHLIC OTHOCHTEJRHO HpsaAMoit x=1, KRacawIUeca OpaMoi
y=—2x-3 1 TaKHe, YTO UX BETBH HATIPaBJeHH! Ban3. Haiitu
ypaBHenue Toit M3 3THX mapaGos, KOTopas NepeceKaeT OCh
Oy B Touxe ¢ HauGonplIedl OpAMHATON.
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Pemesue. AGcumeca aepHmIMHBI KAaXKAomk
H3 DACCMATPHEBAEMBIX NHapafon paeHa 1, a
YPaBHeHHe napaGossl amumIeM B BUAe

y=a(x-1)2+b. (1)

Tar xarx mnmapatona (1) kKacaercs npamoit
y=—-2x-3, To OHa HMMeeT C 3TOH nNpaAMOi
eAUHCTBeHHYI0 00y TOUKY, M IO3TOMY
ypaBHeHHe

a(x-1¥+b=-2x-8 (2)

HMeeT eARMHCTBEHHBIH KOPeHb. IJTO YCIOBHE
BHIIQJIHSETCA TOTHA H TOJLKO TOrga, KOTAs
AucKpnMuHAHT D KBagparsoro ypasaesnd {2)
paBeH HyJawo, T.e. (a-1)-a(a+b+3)=0,
OTRYZa a= ﬁ—b-. 3amernM, uTOo b= -5, Tak
KaK OpAUHATA b BepHOIMEH OAPAGOIBL JOJLIE-
Ha OBITh MEHBIIIE OPAMHATHI TOUKHM Nepecede- Puc. 10
HHA OpAMEX y=—2x—3 # x=1, paBrHOoi —5
(puc. 10).

Tak pax OpAUHATA TOUKN DepeceueHuA napatonsl ¥ ocu Oy
paBHA a+b=b+5+_b, TO 3AAATYA CBOZHTCA K HAXOXKISHAIO

1

HauboabOIETO 3HAYEHES DyHRmun f(b)=>b+ 5.3 PH b<—5.

Kpuruueckue Touxn dyaxouu f(b) onpenendiorca uUs ypas-
Henus f'(b}=0, T. e, 1- =0, goropoe npu b<—5 umMe-

(5+b)2
eT eAWHCTBeHHEHI xopens b=-6, npuuem f'(b)>0 mnpu
b<—68 u F(d)<0 npu ~B8<b<-5. CnenoBaTenbHO, IDH
b=—6 dyaxoua f(b) npuERMaeT HarGOJBIIEe 3HAYEHME.
IosToMy @ =?:3 =—1, W HCKOMOe ypaBHeHHe IapabOJIEI
HMeeT BHX y=—(x—1)?-6.

3apanua ana caMmocToRTenbHOl patoTm

HaiftiTn Hamnfoabmree ¥ HaAUMeEHLIIee 3HaYeHHA DYHKINH
f(x) Ha MHOmxecTRe E (1—3).

1.[5] 1) f(x)=3x5—25x%+60x+ 7, E=[0; 2};
2) F(x)=x%+bx*+b6x*+8, E=[-2; 1].

2[8] 1) f(x)=2s5in2x +cos4x, E-[o; %];
2) f(x)=sin2x+ 2cos8x, E={0; n].

3.[6] 1) f(x)=(x—38)e!**!, E=[-2; 4];
2) f(x)=(x-3)*e*, E=[-1; 4].
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4[5|B xaxoff Touke HYKHO NPOBECTH KACATEALHYIO K Ipa-
brky byEkmun y=(x-2)?, 0<x<2, yrobn mIomans
TDEYTOALHKHKA, OTPAHHYCHHOTO BDTOH KacaTeIbrHON u
OCAMY KOODAAHAT, ORIA HAUMeHbIIEH?

5.[6]Oxono muanHADS, PazMyC OCHOBAHMA KOTOPOrO PABEH
R, onucan KOHYC HaEMeHEIIEro o0beMa. ILnockocTH oc-
HOBAHUI DUNTHEApPA ¥ KOHyCcA cobnaxaior. Haitrn pagm-
¥C OCHOBAHHSHA STOro KOHYCA.

6.6] Halitu BHICOTY U DPafgMyC OCHOBAHHA LHIMHADA, UMEIO-
mero HanGoasmyw naomaas GoxoBoit moBepXHOCTH Cpe-
A¥ BCeX MANKHADPOB, BOMCAHHKX B KOHYC, €CIHM DAANYC
OCHOBAHHA KOHYCA paBeH R, a ero BeICOTA parHa H.

7.[6] Haiir BEICOTY KOHyca HaHMeHBINEro ofybeMa, ONUCAH-
HOT'QO OKOJIO Wapa paauyca R.

8/6]B xonyc, paguyc OCHOBAHMSA KOTOPOTO paBeH R, a BHI-
cora pasHa H, enucan punmaap ganbonsmero ofsema.
Haliti panmyc OCHOBAHHMA M BRICOTY 3TOTO LHMAHHAPA.

9.[6] Hafite mamMennmryo naomaxs GoKoRoft MOBEPXHOCTH
KOHYCa, HMelomero obreMm V.

10[6] Haiirn mauGonpmnit o6pem romyca ¢ obpaszywonielt .

i § 4. Nponasonnas sToporo nopsaxa,
BbINYKNOCTL U TOYKW nepernba

fipuMmepul ¢ POLIGHUAMU

1. Haiira f"(x), ecan: 1
1) f(x)=cos®2x; 2) f(x)=€e*;

3) f@=xIn( 41 4) fr)= Eos.

Pemenue. 1)Taxmf(x)=—+ eos4x 70 f(x)=-25in4x,
F{x)=-8cosdx.

1 1 1 1
2) f'()=—Z e f"(x)=£er le"=————2’;"‘1e‘, x=0.

xt
s+1 ?
" _ 4x - 2x(x +3)
@)= 20+ ey GE 41
+ - 8x%  2x? - X°(x-8) ey -12x _
1) F(x) (z-2)¢ (x-2)° (x-28 » F(x)= (x -2)%
_822(x-8) _3x(x-d)(x-N-x(x-6) __24x o

(x-2)* (x-2)* @x-2)t’
49



2, HaiiTy AHTEPEBAALI BHIOYKJOCTH BEEpPX ¥ BRIIYKJAOCTH
BHUZ PYHRIIMU:

1) f(x)=a'~ 622+ 52-8;  2) f(x)=xiets;
3) f(x)=x+sinx; 1) fx)= -2

Pemenne. 1) f'(x)=4x3—12x+5, f'(x)=12(x*-1). Tak
Kax ["(x)>0 Ha npomexyrkax x<-1 m x>1, a f(x)<0
npr - 1<x<1, To byuxruna f{x) Benyrna BHN3 OpE x<-1
HIpa x>1, a npu -1l<x <1 ata GYHKIUMUA BHIYKJIA BEEpPX.

2) f'(x)=3x%e " —4x%e " =(3x2-4x%)e*,
f'(x)=(6x—-12x) e - 4(8x2-4x%) ¢4 =2x(8x%— 12x + B) e~
Ypaenenue 8x2-12x + 3=0 umeer Kopun x,=3%4\3, x2=3—+4@,
af(x}<0npu x<0unopu| x,<x<x,, f'(x)>0 npu O<x<ux,
H IOpE X>X,. Orcioga cireayer, uro ¢yHKIHA f(xX) BRIDyKIA
BEepx npH x<0 ¥ Op; x,<x<X,, a npa 0<x<x, ®© NpHA
X>X, 9Ta QYHKINA BHIYKJA EHH3,

3) f'(x)=1+cosx, f'(x)=-sinx.

Ha uurepsanax (2nn; 2an+n), n<Z, rae f'(x) <0, dysk-
umusa f(x) seinyrna epepx. Ha uvrepsanax (-=-+2rn; 2nn),
neZ, dyaruug f(x) BHIOYKIA BHHI.

2.2 Ay L3, 4 _ 2

(x®-4) (x*-47 "’
£ (x) = (42 - 24x) (x? - 4)* - (x* - 122%) - 2(2° - 4) 2x _ Bx(x®+12)
(=*-4)* (x2-4p

Tar kar f(x)<0 npu x<—-2 u npua O<x<2, a f(x)>0
npu -2<x<0 1 npr x>2, To HyHKUIHA [f(x) BRIOYRJIA
BBEPX Ha upoMesxkyTrax {(—o0; —2) u (0; 2) u BunyxJja BHUS
Ha nDpoMexxyTrax (—-2; 0) u (2; +0),

3. HaiiTu Touxkn nepernda GyHKBUK;
1

1) f(x)=e*; 2) f(x)= lenx;
3) f(xy=x%*; 4) f(x)—

2)2

Pemenmne. 1) Tak wax f/(x)=22+1 3“1 e x, x =0 (npumep 1 (2)),
To f’(x) MeHSeT 3HAK IpH nepexone Yyepes TOURY xo—hl,
KOTODad ABJACTCH TOUKOH meperuba dyHruuM f(x}).

2) f'(x)=2xInx+x, f(x)=2Inx+3. Dyuxoaa f"(x) menner
_3
SHAK NPH HMEPexofie 4epes TOURY X,=€ ° — KOpeHL YpaBHe-
.2
saa 2lnx+3=0. IlosToMy e ? — TouKa mepernba GYAKIHAN

f(x).
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3) Tax xak f'(x)=16x(x-x(x-x)e™*", rae x,==_=,
xp=2EES 3”3 (opumep 2 (2)), To QynKUMA f (x) MeHsleT 3HAK
npu nepexone uepe3d T™OYKH 0, —3——'-4—\’—3- L:a
loTes 'romcanm nepemﬁa dyaroun f(x).

4) f"(x)- 2)2 , x%2 (npumep 1 (4)). Orcrona cnexyer,

1o q)ymuma 77(x) MerAser 3HaK IpH Hepexofe depes TOUKY
x =0, ROTOpPAA ABIAETCA TOYKOIl meperuda dyrkmuu f(x).

, KOTOpBIE ABIA~

SaaaHnua Ana CaMOCTONTeNbHOR padoTe

HaiiTn HHTepBANB BHIOYKIOCTH BEEDX H BHEIOYKJOCTH
BHH3 GyHROmM f{x) (1—4).

1.[4] 1) f(x)=x*—24x2+8x+5;

2) f(x)=x*-54x2+4x+8.
2.[5] 1) f(x)=38x°~40x3+ Tx +4;

2) f(x)=-x5—30x3+5x-4.
3[6] 1) f(x)=e 2) f(x)=xe '7
4.6] 1) f(x)-ﬁ, 2) f(x )—(

Halitu Tourn nepernda QpyHKUMH f (x) (5—8).

5[4 1) f(x)=x*-6x2+56x+1;

2) f(x)=x*-12x3+48x%+ 3x.

68 1) f()=E2s 2 f(n)= 02
7081 1) f(x)= "‘ - g )= o) .

‘&.

(=-62" x +1)2
- X +10x x +3x
861 1) f(xy=33=%5  2) flx) =05

- § 5. Nocrpoenne rpadpmxos GpyHKuMi

Mpumepnl ¢ pelweHUsIMIH

1, Hafirn acuMnTors rpaduira q)ynnunn y=Ff(x), ecam;

1) f(x)—\fxa-x—2; 2) f(x)=
3) f(x)—- 4) f(x )—

2 4'
(x-1)2
e+’

2)z ;
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" _ 1\2 5
Pemenue, 1) Tak rax x —x—2—( _E) - TO f{x)=

=V( —%)2-%. TlorkamemM, uTO f(x]—|x—%|-—-0 OpH X — co.

BocnospayeMea paBeHCTBOM

VT T )

f(x)-

v x-— —-—+|x——

Ecam x— co, TO 3HAMeHATEJE MTONYUYEHHOH ApofH cTpeMAT-
¢a K GeCKOHEYHOCTH, a Apoldb cTpeMuTCA K HyN0. Ciaenoba-

TEJLHO, f(x)—|x—%]—-0 OpH X - o0

Ecnn x—+oo0, TO lx——%|=x-% " f(x)—(x—%)—»o npu

X — +oco. ATO 03HaAYAET, YMTO IIDAMAA y-x—% —~= ACHMIITOTa
rpadpura dyaxnun f(x)=Vx2-x-2 npu x—+co.
Ecan x— —o0, TO |x———|=——x. B aroMm cayuae npsaMas

Y= % —X EBIASTCA acUMOTOTOH rpadpuxa dyErunm f(x) npm

X ——co, OrMeTHM, 9TO Tpabrr QYHKOHHE [(X) AeKUT HHUME
ACHMIITOTHE,
3 2
9 x° _ x*-dx+dx —x+ Ax - 4x
) x2-4 2.4 -4 -4

4
x

4x
x2-4

KaK , The %—ro, 1—%—-1 npu x — oo, TO Npf-

4
1-3 \
Maa Yy =X ABNAETCA ACHMITOTOH rpadura GyHKRIHN y= x:_ y
opn Xx—+00 A OPA X — —ca.

3) Ilpamas y=~kx+b apaserca acumnroroil rpaduka GhyHK-
LHH ¥ =f(x) NpA X — oo TOrAA H TOJBKO TOTAS, KOrga cyige-

CTBYIOT KOHEYHEIe Opeleis :1‘1_19” %: k, li_.n% (f(x)-Ekx)=b,

2
Tax rak ff:]= x? PEv i 12 50 & (1—%) —1 upm
3{1_2 _2
#(1-2) o1-2)
X — 00, TO :lr1__r£1° %-%, T. €. k=%. IpeobpasyeM pasHOCTE
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1
1+L
P x_ 1 2P-x(x-2° 1 4x+4 x?
_k - _—— e X - — - -
f(x) X 4(x—2)2 4 4 (x_zjs 4 (x-z)z (1“3)2

x

Orcioaa cnegyer, HTO Jljﬂrg(f(x)—%)- 1, T.e. =1, Hraxr,

npauaay=£+l—-—acﬂmma rpadpuka QyHEKIRA y=1 +_2)

OpPH X — oC. San:e-rm(, YTO ACHMITOTY MOMHO HaliTH ,qpy'mu
cnocoBoM, NpeZeTABME Xx* B BHJEe MHOTOWIEHA 10 CTENCHAM
x-2, Toraa ¥*=((x-2)+2P¥=(x—-2F¥+6(x-2P+12(x-2)+8,

OTHYIA .

x —_— 12x-16 4(3x—-4)

2 x 2+6+——-—_2)2 x+4+ -3
flx)=%414 324

(= 2)’

Orcoaa caegyer, 4To MpAMAd y=z+1 ABNAETCA ACUMI-
roroil rpadmra dyEROER y=f{x) OpA x— co, NMpHIEM Ipa-
$HK JeXXHAT BLINIE ACHMOTOTH IPH x>% H HU¥e acHMIITO-
TH HOPH x<%.

3 3 P)
4 o (x+1)-2) =(x+l) ~G(x+1)y+12(x+1)-8
) 7(x) (x+1)® (x+1)*
=x+1-6+ 12’”1")2 x—5+—‘-—14( 3:‘1"): . AciMrrroToit rpaduka dynk-
X
(x-1)®
(x+1)°
2. ITocTponTh rpadur GYHROHHE Y¥=f(x), ecan:

1) f(x)= "‘—2"*9. 2) flx)=Vxi-x-2;

B f@= 0 r@- 2

Pemenne 1) Fpadux ne mepecexaer ock Ox, Tak Kak
—-2x+9=(x-1)>+8>8 npu Bcex x€R. Tpadur nepeceKra-

eT ock Oy B TOUKe (0, - %).

Eeau x <2, 10 f(x)<0, a ecnn x> 2, 10 f(x)>0, T. 6. Tpa-
bur nemnr Hume ocm Ox npu x<2 m Bhme ocu Ox npm
x>2, [IpaMaa x=2 sABAAeTcHA BepPTAKANBHOIN acuMnTOoTOM
rpaduxa.

OHHA [j= ABNAETCA OpAmas y=x-—15,

2_ _m? -
Tak Rak = xf"’2+9=(x 2) :“i(; 2”9=:t:--2+2-|»---—a:2=
=X+ Lz’ TO NpAMaA y=x — acuMmnrora rpadura dyEruun
f(x)-x+i Opu x—o¢o, NpaYeM rpadHK AeKNT BRIme

-2
acnmomm IpH x>2 U HUME ACHMOTOTH IpH ¥ <2,
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Haifaem f'(x) u f"(x), ec- vk
. f(x)=x+ =2 HNmeem

x=-2"
My 1_ 8 _
f(x)_l (x—2)2
2 —4x-5 _ (x-5)(x+1) 8
(x-2y (z-2°
" _ 18
=g
Tak kag f(5)=0 m f(x) me-
HAeT 3HAK C MHHYCA Ha
ORC [OPpH Oepexoge depes -
TOUKY X,=8, TO X, — TOU-
Ka MUHNMyMA OGVYHKOMH H -
f(5)=8. Touka x;=-1 —
TOUKA MAKCAMYMA DYHKIUH,

H f(—1)=—%- Puc. 11

| <
celoe
]
=
i ]

ol

Beax x<2, o f7(x)<0, a ecau x>2, o f'(x)>0,.
Moasromy byaxuma f(x) BHEIYKAA BBEPX NpH X <2 ¥ BHINYR-

x*—2x+9

ua BHM3 mpm X >2. Ipadpuk Qymxmun y==—=5

H3obpa-
JKeH Ha pucyHKe 11.

2) YxP—x-2=V(x+ 1)(x—2)=\!( -%)2—%; dbyarmua f{x)=
.=V( —%)2—% onpegenens Ha MHOXKecTse E, cocrodmeM H3

OpoMeXYTHOE (—oo0; —1] m [2; + o), U HeoTpHOaTe/bLHA;
f(-1)=f(2)=0.

2
Tax rak napaGona y=( —--1-) -5 CHMMeTPHYHA OTHOCH-

2 4
TeRLHO NpAMOM x = %, 10 rpadpur pyHHIEH f(x) cCHMMeETPH-
YeH OTHOCHTENBLHO 3TOH npamoii.
IIpamas y-x—% fpagerca

acuMnToToil rpadmuxa GyHK-
nun y=f(x) npu x—+co, &

IIpAMan Y= % — X — ACHMIOTO-

TOH oTOrO rpadmea Ipp x — —oo
(upumep 1 (1)). I'padux $ysx-
nun y=Yx?-x-2 wuszobparker
HA pHcYHEKe 12,

Ry
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3) Oynrons f(x) onpenenena npm x =0, a npamasa x=0 —
BEpTUKANLHAA acUMOTOoTA TpadHkKka sToil dyrruuu; f(x)>0
npn x>-1, x20 u f(x)<0 npu x<-1, f(-1}=0, T. e. rpa-
Qur mepecexaer ock Ox 8 Toure (—1; O).

Tax xak (x+21}3= x3+3x2;-3x+1

F

x
=x+3 -5-3'"’—*2'1 , TO NpAMaa y=x+3 — acuMnTora rpadmnka

X
dyHKDHE y=Ff(x) Opu X — oo, IpHUUeM TpadUK JNeXKUT BHIlIE
ACHMOTOTHL NPH X > — 1 4 mmme acumnrorm opH x<-— l;

3
npu x=——;— rpaduK mepecexaeT ACHAMITOTY.

=x+3+ 3’:;1 . T, €. f(x)=

F(x)= B(x+ 1P (x+ 1P 2% _ x(x+1)2(8x-2x-2) _ (x+1(x-2)
x4 x? x® ’
Fra)= BREHDE-D+ @+ 1) (x+ 1P (x-2)3x* _ 6(x+1)
xt

xﬁ

Tar xak f'(2)=0 n f'(x) MeHAET SHAK C MHHYCA HA OAIC
OpH Nepexofe depes TOUKY X =2, To x=2 — TouKa MHUHUMY-

Ma ¢pyarovm f(x), npHYeM f(2)=-2-:11.

» xz0,

Pynrona f"(x) MenseT 3HAK NPHA OEPEXOAE Tepes TOYKY
x=-1, IloaTroMy TOuKa x=-—1 — Touka neperuda dyHRUUH
f(x) m f(-1)=0.

Eenm x<-1, 10 f(2x)<0, a ectm x>-1, x=z0, TO
F'(x)>0. Cnegoparensno, ¢dyHROHS f(X) BEINIYRJA BBepX
opu x<-1 u BH%}’RJ{& BHH3 mnpe x>-1, x=0. T'padux

(x+1)

byHEOAN Y= =3 npeACTABJEH Ha pPUcyHKe 13,

4) (Dymcmmzf (x) ompene- Y .
nMeHa OpU X+ 2, a NpAMasA
Xx=2 — BePTHKANLHAST ACHM- y=£"—+2i
nrora rpapmka GyYHKOHHA; x

f(x)>0 mpr x>0, f(x)<0
npu x <0, f{0}=0, T. e. rpa-
UK OPOXOAUT Yepes TOUKY
(0; 0).

IIpamas y=%+1 ~ HA-

ol

KJIOHHAA ACHMIITOTA PpadMKa
byexnuu  f(x) Opu x— oo
(npumep 1 (3)), npuyen opu
x>% rpaguK JIEKNUT BEIE / -1 |0 2
ACHMIITOTH, A IIPH x<% —

HAEe aCHMOTOTBI; B TOUYKE

RY

4, 4 .
(E’ E) ACHMTITOTA Nepece Pnc. 13
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kaeT rpadur dyaxnnu. HMe- uhk
eM £

.8 2)%2—2x3(x-2 ¥=

Fe)=1 i (: 2);" (x-2)_ 4x-2)
2% (x—6)

BT ﬁfl
OTKYAA CHeAyeT, 4YTO (PYHK- _
ous f{x) Bospacraer npu x <2 75 ol |2 6 x
H opu x>6, a npu xc{2; 6)
y6uBaer. Hpu nepexone wepes

TOYRY X =06 Ipou3sBozHAA
f'(x) Memser smax ¢ mmmyca FvC 14
Ha nmoc, HOPTOMY X =06 — TouyKa MEHUMYMAa byaxkmua f(x),
F(6)==-
(x)— (8x%—12x) (x - 2)* - (x® - 82%) 3 (- 2)2 6x
(x-2)® @-2)*
Tax xak f"(x) MeHAeT 3HAK IIpU Oepexole uepes TOUry x=0,

70 x=0 — roura mepermba ¢yHxkuuun. Fpabpux GyuxoEM
f(x) usobpaxen ua pucynxe 14,

3apaHMA AN CaMOCTOATENLHOK paboTni

Hai#itn acumnrora rpadpuxa dpyrxnun y=F{(x) (1—3).
1[4] 1) f(x)=V|x2+x-2|;
2) f(x)=V|x®-2x-3].

281 1) f(0)= 3"
_ab-xii
2) fn)= 5554
_ (x-2, _x
3181 1) £(x)- &7, 2) f(x)=<
ITocTponTh rpadmn dbyuroun y=7F{(x) (4—7).
_a-x? __le+1)?
4[6]1) y . ; 2) y e
_x2+x-1, _ _20x .
5[6] 1) y=200 2) y T
67 1) y= 35— 2) y= 3.
(x 2y x-13
A1) y= -8 ; 2) y= -2



. Konrponbhan paGora

ll

2.

Haiitn unTepBanm BospacTaEEA n yOmBamwma GynHrnun
flx)m2x-8x2-6x+5 [f(x)=2x%+3x%-36x+7T].
Hatitu Touxu srcrpemyma dyrxnmuua f(x), a Takxe Hau-

fonplnee 1 HaHMeHEINee 3HAYEHHA 3TOX (PYHKOEM Ha OT-
peare [-2; 2], ecnn

fx)=2'—2x2+3 [f(x)=x*—8x2+4).

. HaliTh UHTepEANELI BHIIYKAOCTH BEBEPX H BRIOYKJIOCTH BHHAZ,

a TAK)Ke TOYUKH mepermbGa QymEKRIEH

f(x)=xe* [f(x)=x%e"].

. ITocTpouTs rpadmur Gyaxoaun

e

. IloeTpouTs rpadpur GyHrIAN

{x 1)? (x 2)
P = S 1= 2],



2Y\'} IlepBooOpasuHas
- W3 ¥ MHTerpal

§

TO

1. Neproo6pasnas

Ecnu gns Beex x<(a; b) cnpaBeginso PaBeHCTRO
F'(x)=f(x),

dyuxkmuio F(x) Ha3uBAKOT NepBooOpasHOH AnA GYyHRIHUMN

f(x) nHa uarepsane (a; b).

B raape II 6niny nonydeHM (GOpMYJIH TIPOMIBOAHBIX CTe-

HNeRHOH, moKasaTeaAbHOIH, NorapudMudeckoil, TPUrOHOMETDR-
YyecKUX U O0paTHBIX TPHIOBOMeTpHYECKHUX yarmuik:

(xY =oaxvl, x>0;
(e) =e*; (a*)' =a*Ina, a>0, a=1;

(In|xfy= 31;, x=0;

(sin x) =cos x;
(cos x) =-sgin x;

(tgx)=—%—, x2Z+nn, neZ;

cos?x 2
(ctgx) =~

_"2 , Xznn, ncZ;
sin" x

¥ 1 -
(arctg x) =12 xeR;

1
\1-x
Henonssysa aTH GopMyabl, NOAyYdaeM CASAVIOMYIO Talimu-

(arcsinxy =

y —lex<l,
2

ny nepeoobpasHRIX:

PDyHKRIKA INeproofpasHule
IP+1
x* p=-1 erl+C
%, x=0 Inlx|+C
e* e+ C
a*, a>0, ar1l a’ +C
' ' Inae
sinx —cosx+C
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Hpodoarernue

PDyHERIRS TepaooBpasanie
cosx sinx+C
1 ]
T X# §+1m, neZ tgx+C
cos™ X
—5—, x#nn, n<Z —ctgx+C
sin“x
1 arctgx+C
1+22
1
s —l<x<l arcsinx+C
V1l-x

NMpumepsl ¢ pelIeHnIMU

1. MTorazate, ure dysxnua F(x) asaserca nepsoobpas-
"ol dpynruoun f(x) Ha Beel wmcaoBOH npamoit, ecan;

1) F(x)=1 %, f(x)=e',
2) F(x)= ——- 3%, f(x)=

4In3

3) F(x)=sin?x, f(x)=sin2x;

4) F(x)=V1+x2, f(x)=

V1+ax2

5) F()=- 3 (4-292, f(x)=2VE- %
1 .
6) F(x)=In{x+V1+x2?), f(x)=-u—w—;,

7 F(x)= %arctg %, f(x)=

8) F(x)=arcsin%, f{x)=

Pemenmne. 1) Tak Kak F'(x)-%e“"-a-e“”, TO PYHKIRA

i
3

4) F'(x)=

= €% — mepBoobpasHad ANA DPYHKOHHE &%,
! =1 . g4, Y - TT

2) F'(x)= T3 3%*.In3 .4 =3%,

3) F'{ix)=2sinx-cosx=sin2x.

_.....1__.2x-
2V1+x2 vl

59



5) F'(x)«-(—%)—%(4-x2)%-(—2x)=x\/4—x2.

13 x2.
6) F’(x)= 1 (1 2x )= 1 . \.1.+x +x_
x+V1+x2 2v1 + a2 x+V¥1+x2 Y1422

=v'$x2: 1 1 1 1 1
nF (x)=5. 1+(£)2.E 4(1+-"_2) T4

2 4
8) Fray= —L Ll 1 1 |
1_(£)z 3 3if1- 2 Vo2
3 9

2. Inag dpyurnan f(x) waitTu raxyio mepeoobpasnyio F(x),
rpadur KoTOpoil IPOXOAUT ueped TOUKY M,, ecumu:

1) f(x)=—$, My(-1; 1);
2) f(x)=e%*, M,(In2; 5);
8) f(x)=sin2x, Mo(%; -2);

4) f(x)————\,%, M,(V3; 3).

Pemenue. 1) Opuoit us DeppooBpasHux ana GyHROUH

—ls asngercas dyHKUMA L TAK KAk
X

222’
AN _ 1y oy.a—_ 1
( 248 ) 2 ( 2)x 23"
Bce neprooOpazarme dyaxonn f(x) onpesenawTrca GopMynoit
F(x)=55+C.

Tax xak F(—1)=1, To %+c=1, C=3.

F{x)= $+% — HCKOMAfA NepBooOpasHaA.

2) Tax KaK %eﬂx — ozHA #3 NMeppoobpasnnx QyHrnuit e,
10 F(x)= 3 ¢ +C, F(In2)= 1 ¢?24+.C =5, 1. e. 3 e+C=5,
2+C=5, C=3,

F(x) =%e2*+3 — ncKoMas mepwsoobpasHas.

8) OxHoit u3 mepBooGpASHEIX Aaa QyEKDMH sin2x asas-
erca dyrruua sin?x (npumep 1 (3)). Iloaromy F(x)=sgin®x+C,
rre F(%)=1+C=-2, C=-3.

F(x)=sin?x-3 — nckomas mepeooGpasHad.
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4) Tax Rax V1 +x? — neppoobpasHas ana GyaxoEN —=
V1+x2

(upumep 1 (4)), To F(x)=VY1+x2+C, F(\/§)=2+C=3, C=1,
F(x)=V1+x*+1 — ucromaa neproolpasHas.

JanaHua AN CaMOCTONTENbLHOW paboTei

Ilokasats, uTo byHKIUA F(x) aABnferca mepeoobpasHoit
Ana pyuruouu f(x) (1—4).
1[4] 1) F(x)=In|sinx|, f(x)=ctgx;
2) F{x)=-In|cos x|, f(x)=tgx.

2[4 1) F(x)=31n(x*+4), r(x)=;-§i—4;
2) F(x)=+In(x*+3),
3[8 1) Px)=5In| 22|, (=5
2) F(x)=1 1n|x+3
4[6] 1) F(x)=arctg(x-1), f(x)—
2) F(x)=arctg(x-2), f(x)—v

Jdna dyaroun f(x) zHajira Taxywo mepsoofpasuyw F(x),
rpaEK KOTODO# mpoxogur uepes Touky M, (5—8).

5.4 1) f()=47 Mo(log,3; X );
2) f(x)=57, M.,(log,4, 2 )

+3°

x22+3

6@ 1) f(x (23 -1);
2) f{x)- ,Mo(—§ 2).
7[5 1) f(x)——,. Mo( 55 5 )
2) f(x)-—— o(V8; 3).
e b4 o)

2) f(x)—;, Mo( 2 5):
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§ 2. Npasuna naxoxnenus nepeoo6paaHbIx

W3 npaeun mubdepennupopanua creayer, 4ro ecau F(x)
u G(x) — neprooOpasHLHIe COOTBETCTBEHHO ANA QVHKUHN
f(x) 1 g(x) HA HeKOTOPOM NPOMEXKYTKEe, TO:

1() )F(x)+G(x) — nepBoofpasHaa AAR GyHROuUu [f(x)+
+&(x);

2) aF(x) — nepBooGpasnas ana yaxuuu af(x) (a —
NoCTOAHHAA);

3) %F(kx+b) — mnepeoofbpazHaa ana dyarunu f(kx+b),

rae k, b — mocroaunnie, k= 0.

Hcnoasays GopMyay Aada NIpousBoaHoil caokHOH QyHKONMN,
MOJYy4YHM eme OAHO RPABMAC HAXOMMACHHHS NepBOOODA3HEIX.

IIyere ¢pyExnua t=op(x)} auddepeHuupyeMa Ha IpoMme-
MYTKe A H OyCTh IPOMEXKYTOK A, — MHOKECTBO 3HAYEHMI
GYHKIBH ¢ Ha A.

Ecan dyeroua U(#) auddepennmpyeMa Ha A,, npudeM

U’ (8) = u(t), (1)

TO HA NPOMEXRYTHe A AudibepeHnupyeMa CHAOKHAA QYHKIIHA
e(x})=U(p(x)} n

O (x)=(U (@ (x))) =U'(p{x)) ¢’ (x)=u(p(x)) ¢'(x), (2)

Tax Kak U'(t)=u(t) (pasewcrso (1)). Hs pasencte (1) u (2)
cleayeT, UTO ecaH (¢} — neppooOpasHaa ang dpyHKmua u(t),
o U(p(x)) — neppooGpasHas aag $yaxuur ulp(x))-o'(x).
Ecnu ¢yERnUa f(x) npeacTapageTcs B BHAE

Flx)=u(o(x))-9'(x) 3)

¥ ecnU u3BecTHA neppoobpasnaa U(#) nna dyErnunm u(l),
TO NepBooOpasHO# Ana yERmuu f{x) apnsgerca QPYHKIHA
g(x)=U (9 (x)), nonyuaemaa sameHoO# ¢t HA ¢(x) U3 HYHKIUN

().
Ilyers F(x) — mepeooGpasmas nus ¢pyurnuu f(x), T.e.
F(x)=f(x). Tormaa (F(kx+b)yY=kf(kx+b), k=0, orryaa
(%F(kx+ b))’:f(kx+b), T. e. 1F(kx+b) — nepsoobpasmas

ana dyuxoun f{kx+b).

Mpumepnl ¢ pelweHnaMmu

1. Hafttu neppoofpasusle F{x) ana ¢byukouu f(x), ecam:

1) f(x)= 22, 2) f(x)= —5=;
¥ +3 \x24+5
8) f(x)=x*\x?+8; 4) f(x)=x\R?~-x%, R>0
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5) f(x)= 51— 8) f(x)=sin®x;

x2-x-2
1, o1,
T f(x)= = 8) f(x) —
R =ﬂ
9) f(x)=tg®x; 10) f(x)=1"a-
Pemenne. 1) Mycts f,(x)= x;:- 5+ To6LI BOCHOAEEOBATS"

ca dopuyaoit (2), B xoropoit ¢(x)=x2+3, ¢’ (x)=2x, u(t)= %,

1 («*+3y i
T g
da ecan F,(x) — ozna u3 DepBooOpPASHEIX AXA QYHKIHUH
fi(x), 0 Fy(x)}= £ In|x*+8|=1 In(x2+3).

U(t)=%ln|tl, sanuineMm f,(x) B suge f,(x)=

IIyers fztx}=?2—~—, TOTAR

+3
L,
_2 1 _ 2 v’E)
=3 —5=%'" xu
1+5 V3 g4 _)
V3

Targ xakr %arctgt — OAHA U3 NepBoCclpasHER AMA PYHKIUM
3

2 . _1

v3 L+#2’

ans pyuxrmuu f,(x). Ilosromy
F(x)=F,(x)+ Fy(x)+C,

F(x)= % In(x?+8)+ -2 arctg = + C.
8 va

10 Fo(x)= i_ arctg = — ozua H3 IepBOOGpPa3HLIX
V3 V3

% +5y

2) Tak kar f (x)==—21!- s a VI — oaHa ua uepsoobpas-
1

HEX aasg GYHKOHR =>»

F(x)=Vx?4+5+0C.

3) Ilpeofpaszyem f(x), VUINTHIBAA, 4TO (X% + 8y =2x. IToxy-

unm f{x)={(x?+3)Vx*+ 3 -3\f’x2+3]%(x2+3)f=
= % ({x2+ 3)7 (x2+ 3) — 3(x2+ 8) 7 (x+ 3 )
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a+l \*

X
a“) =x® npyu .=—1, U NpUMenasn

bopmyny (2) ana ¢(x)=x%+3, noxyuaem

Ilonsaysace TeM, uTo (

] 3

1| «*+3)2 3 (x2+3)2

2 3 - 1.,
E+1 E'I-

F(x)= +C=

5 3
=2 (x*+8)* ~(x2+8)" +C.

1
1) f(x)=- L (R} -29)* (R?-x?),
3

32_12 2
F(x)-—% %

2
8) f(x)= — 1 IIpeacrasum f{x) B BAe cCYMMH JApo-

(x-2)(x+1)
Gett 44
x-2

3
+C=-2(R-2%)* +C.

. Hpusena atu apobu Kk ofilieMy aHaMeHaTe-
1 _ A{x+1)+B(x-2)
(x-2)(x+1) (x-2(x+1)

yucnuTean Aapodeil, ODpuioguM K paBeHerBy l=A(x+1)+
+ B{x-2). ITonaraa B :wom paeencrne xr=-1, a saTeMm x -2,

x+1
A, OOAYYHM

. Ilpupasansasa

1
HAXOAUM B=-— 3’ Am —. CaenoBaTenbvHo, f(x)= 3G-3) (x %)~
1
—m, oTRyaa F{x)= hl‘ |+C
6) f(x)=(cos*x—1)(cosx), F(x)= % —cosx+C.

Bameyanue. F(x) MomH0 HailTH, HCNONE3YA PABEHCTEBO
sinfx= % sinx— i sin 3x.

7) Ha#igem nepBooOpasuyw (i) byHEODuH ¢(1)=

t r

()
iye*

1+ (E)

Toraa ¢(2)= i— arctg %. Yrobel BOCIIONBE30BATECA 2TOH dop-
Myaoli, npeobpasyeM f(x). Tax rak

fxy=—1-— = L
1

1
»
24a?

a =0, aanncas ¢(t) B BHuAe q)(t)=%-




TO mepBoobpaszEYI0 a8 f(x) MoMHO MOAy4YHTE H3 P(f), nmo-

el ,_¥3
marast t=x-3, a=-5. Toraa
2lx—-—
8) Ec.nn ¢P(t)= —, rae >0, To cp(t)=;=
a® -t a 1_(2%)2

» OTKYJZIA caepyeT, 9TO OAHOH M3 nmepBoolpasHBIX

Aaa GyHKOURN () Apaserca GyHKOUA tib(t)-arceun— Tax

x__
1

Kak f(x)= +C,

y To F(x)=arcsin
l_(x_i 2 =
4 2 2
F(x)=arecsin(2x-1)+C.
9) fx) =122 L1, Px)=tgx-x+C.

2 x cos®x

- 22 1 _ (%) 1+l
10) 7(%) 1+x‘+1+x“ 2 1+(z2)3+4 1+x*

F(x)-%arctgx2+%ln(1 +x9)+C.

JanaHua ANnA CaMOCTOATeNnLHOH paboTn

HaiiTu nepsoobpasunie ana dysxnun f{x) (1—8).
13 ) f- £ -
28] 1) f(x)=xVxZ+4; 2) f(x)=x®Vx'+ 4.
3.[6] 1) f(x)=sin%x.cos®x; 2) f(x)-coa’x gin?x.

4.[6] 1) f(x)—-——-' 2) f{x)=

+2x-3 et
il
7Bl f=)= %; 2) Fe0)= xf:;is‘
81 1) ()= 15 s 2) fe= .

3 ttatymmn, 11 ka. 65



% § 3. Nnowane kpusonuxei HoW Tpaneuun.
UHTerpan » ero BeluMCneHUe

NMpymepsl ¢ peweHnaMH

1. BLIUHCAKTL MHTETpaI:

1
1) S(V’Eﬁ/:?)dx; g) { £z,

0 1l+x
4
; x2+3

3) S xlnx 4 § x-2 ax;
5) Sx\:’x’+1dx; 6) S cos? xdx;

1

dx

D S 2 _2x-8 2x . 8) § 4x? +4x+5

Pemenue, 1) Ilyers F(x) — nepeoobpasuad ana GyHK-
uuma f{x)= \;Gc_+ W. Torzna

3 3
F(.:c)=§.:t:2 +%x3.

ITo tpopuyne Hrewrona — JlefiOENIa HAXOTHM
1

3 5
3 .2, 3_19
Sf(x)dx ( xt+3 x)u—3+5 19
2 xa)'
2) Tak xax —*—=1. ( , TO B KAaUecTBe Imepeoolpas-
) 1+x8 8 140H? P P

2
Bofl F(x) ana ¢pyvaxumn f(x)= 1: s MOKHO B3ATh QYHKIUIO
X

F(x)= % arctg x3. Toraa

1

sf(x)dx=(%arctgx3) .

=F

1=
3 4 12"

3) Ilycre F{x) — nepsoolpasuas ana GpyHmunm f(x)= xl}u .
Toraa f(x)=ill-l‘3]%, F(x)=In|lnx|,
o8

§ 7(x)dx=(nilnx|)|3 =In3-1n2=1n 3,
p



4) 248 _ (2-2x)+(x -+ 1T

i
= e HOIf B3 nep-
~——3 ——3 x+2+ —5 Ox P

x2+8
—2

BooGpasHMX ARA GyHKmum f(x)= ABNfAeTCa PYHRONA
F(x)=% 2 8% +7In|x-2|. Tosromy S f(x)dx=F(x)[= 3} +
+7ln 2

5) f(x)=xVx?+1=2 (x2+ 1) (x?*+1Y. IleprooSpasmoit Ans

dyakmuu  f(x) aBagerca GQyHKONA F(x)=§ E(x3+ 1} =

3 |va

3 K] 3
==%(x3+1)2. TloaTomy SxVx2+ldx=-;-(x3+ 1)%
1]

k2
2

-

1 8
=34 =3

= X
6) costx—1t00e2x ( ooo2pgy ( Licos2z g,
-7 -

2 2
X
=l(x+ sinzx)

=T.
2 2 /|,

7) 1 1 1(1_1)
22-2x-8 (-4} (x+2) 6\lx-4 x+2/°

z—-;-(ln——lnz)———ln2

{reaac=(dn| 54)

1y
8 (2x+i)2+4= 4(15x(-':ti)l)z)
2

F(x)-%arctg (x+% ABIfAeTcH NeproolpasHoll gixa GyHK-

1y
guu f(x)= -—ﬁzl— . Torma

4(1+ (x+%)2)
§rnte- (s ) - ot -t} v

2, BHYHACANTDL ONOMALL KPUBOJAHEHHON Tpanenuu, orpa-
HuyeHHo# mapaGonoRt y=4x—x% u ocsro Ox.

Pemenne. Uckomywo maomans S Moxao Halfita oo dop-
Myne

» nosroMy DYHELHA

4
)\ 64 _ 82
s-§(4x—x=)dx-(2x=- ?)L}-sz—?-?.
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3apaHua Ans CaMOoCTOATEeNnbHOW paboTh

BH‘-IHCJIHTB uaTerpan (1—=8).

3
2x-1 dx—2
1[5 1) S 2z-1 gax; 2) § 222 gx.
a
261 1 —_dx
8 1) S x +3.1: i 2) § x2-8x-4
1 1
aide | Hdx
36l 1 § 1+2%° ?) § 1+x®
2 .
4,[6] 1) Ssinsxdx; 2) Scossxdx.
? H
3 o
dx ax
5 D §x2—x+1' 2) S 2rx+l’
"E
a
6T 1 § T4 dx; 2) S 2421 gy
707 1) S(sin‘x+cos*x)dx; 2) S(cos‘x+sin2x)dx.
2 2
1 2
88 1) {x*Va?+3dx; 2) {xva-x?dx.
] a

. § 4. Buiuvcnenne nnowageit puryp
C NOMOWLIO UHTETPANOB

NMpuMepsl ¢ peweHnamm “ y=6x-x-17

1. BRuMCcIuTE WAOInans Gu-
rypbl, OrpaHMueHHOH mnapafo-
Ao y=6x—x*-T7 u npamoit ol 1 5 4 >
y=x-3 {(puc. 15).

Pemenanre. Haxogmm alce-

IUCCH TOUEeR NepeceueHHMdA OAa-

pabosnl m npaMoii U3 ypasHe- -3
g 8x—x?-T=x-38. Bro ypap- /7
HEHHE AMeeT KopHH X, =1, x;=4. pyc 15
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HexoMaa muomlans paBHA
4

4
S={((6x-x*-T-(x-3)dx=§ (5x-x?-4)dx=
1 1

2 3
2. Ilpamaa y=ax+b xacaerca Kaxaoi H3 Dapaon
y=8-3x—-2x u y=2+49x—2x2 Haltthm smavenud a u b, Ko-
ODAMHATE] TOYEK KACAHUA H IJAOMEAL (DUTYPLI, OrpaHHYen-
"ol oTuMu napabGoiamu u Kacammeiica HX npamoii (pmac. 16).

4
=(-§x’—lx3—4x)| =2
) 2

1 x
Puc. 16

Pemenne. Tak Kax npaMan y=ax-+b XoMKHA HMETh
eIUHCTBEHHYI) O0LIYIO TOUKRY ¢ KA Aol ua mapaboi, To ame-
KPUMHHAHTE KBAAPATHHIX YpPABHCHHM

8-3x~-2x?=ax+b, 1)
24+9x-2x%=qax+d (2)
JOJIYKHB PABHATRCH HYJIO, T. €.
[(a+3)3—8(b—8)=a3+6a—8b+73-0,
(@—9)-8(b-2)=a2-18a-8b+97=0,
orkyna a=1, b=10.
IIpu a¢=1, b=10 ypaBHenna (1) m (2) mpuuumanT BHA
{x+1)2=0, (x-2)*=0, oTkyza x,=-1, x;=2, rae xin x, —

abcnucen Touek A m B, B XOTOPHIX NpaMas y=x-+ 10 kaca-
erca napabos.

Hz yparHenus
8-3x-2x2=24+9x - 2x2

Haxogum alcmucey xo=% Touk® C, B KOTOpOi#l mepecexanT-

cH napabosni.
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Hckomas niaomaze parma
1

2 2
S=§(x+10~(8-3x-2x")dx+ (x+10-(2+9x - 2x%)) dx =
_l l

i 2

2 2 1
=2 §(x+1Pdx+2§ (x-2)2dx= z ((x+ 1|2 +(x-2) 21)»
-1 l -1 2
2
-22(3)-3.

OrBer. a=1, b=10; A(—1; 9) u B(2; 12); S-%.

3. durypa M Ha niaockocTH (x; y) orpaHMueHa rpacduKa-
Mu QyHKOHE y=4e % 1 y=12-15¢% H nuMeeT egAHCTBEH-
HYI0O 00IDy10 TOo4Ky ¢ npamolt y=-12x+4. Halitu ¢ u oao-
mwane Gpurypsl M,

Pemennme. Toura A(0; 4) npu moboMm @ asiasgerca o6-
me#t Toukolt mpamo#i y=-12x+4 u durypst M. Ioatomy
974 NPAMAN AOJKHA ORITE KACATENBHOR K rpadury PyHKIHH
¥, =4e % B Toure x=0. Tax kar y;(0)=-44a, To —12=—4a,
OTKYZIa a=3,

Haiizem ofimmne ToYKH KPHUBBIX Y,=4€% u y,=12—-5e%%,

PEeIUNB ypapHeH#e %=12—5t, rge t=e%. J70 ypaBHeHHe
HMeeT KOPHH t1=%, t,=2, Ecan t=%, 70 e3‘=%, OTKYZa

xl-%ln %, a ecau t=2, To e¥*=2, orkysna x2=%ln 2. Hexo-
Mafd niIolannL
xg

X2
S=$ (y:-p)dx=§ (12 Be¥— e dx =
xy

L |

Xz
=4In —1—§.

X

=(12x—%e3"+ %e'*“)

OTBerT. 41115—%.

3apaHMa Ana caMoCcToRTeNnsHONW paboTht

1.[6] 1) HafiTe naomazs GHTYDE, OrpaHHYeHHOR napabonoii
y=4x-x*-2 n npamoli y=x-2.
2) Haitru naomaaes GUrypsi, orpanndeHHoi napadooii
y=8x—x—14 ¥ Opamoit y=x—4.
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2.[6] 1) Hafitm nnromags dUrypsl, OrpaHU<eHHOR OChIO Op-
gumar, napabonoil y=2x—x* § KacaTeabRo# K mapabo-
e, NpoBeZeHHOM udepes Touxy (2; 0).
2) Hailits nmomapas ¢Hrypsl, OrPAaHNYEHHOH OCBHIO Op-
amHar, napabonoli y=-2x-x? u xacareavHoll K mapa-
6ose, MpoBeAeHHONH uepes Toury (—2; 0).

3[7] 1) Haftru niomazs Guryphl, orpasmaeHsoll mapabona-

2

_x x __x .3
MH Y=+ 3uy 2+2x+3.
2) Haiitu nnomaznes ¢urypsl, orpaHuYedHo# nmapabona-
2
M y=5->-3 n y=-x2+%x+3.

48] 1) Ipamas y=ax+b Kacaeres xaxjo# na AByx mapadosn
Y= +5x+'? " y=x%—x—-5. Halitm 3mauenna a u b, xo-
OPAMHATE TOUKM KACAHMWSA M ILIOmaAb GUrypsl, orpagd-
yeHHOif 9THMH napaGoJaMH H KaCawlleidca UX npsMoii.

2) Ilpamsie y=2x+2 u y=—x+-;— KacamoTea napaboanl

y=ax*+x+b. Haittu apavenusn a 1 b, KOOPAUHATH TO-
YyeK KaCAHHA N maomans GUrypsi, orpaHudeHHofl mapa-
Gonoil ¥ AAHHEIMH TPAMBIMH,

5[8] 1) ®durypa M He naockoctH (x; y) orpannueHa rpadu-

xaMa GyHKOE y=3¢** m y="T-2¢™* U UMeeT eIHHCT-
BeHAYKW 00myio TOYKY c npaMoi y=9x+3. Haitn a u
naomans purypsl M.
2) durypa M Ha nrockocT: (x; y) orpanmueHa rpadmn-
KaMH GYyHEORHA y=09e¢°* m y=15—4¢%" ¥ NMeeT eZUH-
CTBEHHYIO OBIYI0 TOUKY ¢ npamoilt y=-18x+9. Haii-
TH ¢ X naomagk dburypm M.

7 § 5. Npumenenne nurerpanon
ANA peleHns pM3IUHeCcKuX 3apay

Mpyumepul ¢ peLIeHNAMI

Haxomiaende myTsH mo 3aaHHOH CKOPOCTH

1. Teno aBmteTcd npAMOIHHENHO CO CKOPOCTHIO U(E) =212+
+3t+1, rge £ — BpeMAa B CEKYHAAX, CKOPOCTL H3MEPAETCH
B MeTpax B cCeKyHAY. HalTm nyTh, mpoiifeRHHA 3a TpPeThIO
CEeKYHAY.

Pemenrnue. IIyre 8, opoligeHHEIA TeloM 3a OTPE30K Bpe-
MeEn oT i, Ao t,, ABHRYI[HMCH np.ﬂmo.ntnneﬁno CO CKOpO-

2

cTei0 (i), BEIIHCAAETCA N0 POpMYyTae s=S v(t)dt,
4
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OTKYAR
3
= (242 (2482, 4\ 0l
8 §(2t +8t+1)de=(2 14 3 +1t)|2 211 m.

2. Ha#iTH MaKCHMANBHYIO BEICOTY, HA KOTODYI0 HOAHM-
MeTcHd KaMeHb, OpOIIeHHBIH OT MOBEPXHOCTH 3€MJM BEpTH-
KAJbHO BBEPX CO CKOPOCTBIO Uy, €C/H He YYHTHBATH COLPO-
THBJCHHNE BO3AYXA.

Pemenne. CropocTe xKaMHA v(l) onpeaensderca popMy-
nolt v(t)=v,—gt, roe g — yCKOpeHWe CHIAEI TsecTH. Ka-
MeHb Oyher JeTeTh BBepX A0 TOTO MOMeHTa, mora v(#) =0,

U
T. €. A0 MOMEHTA BpeMeHH tl-?. Heromuiit oyTh

Lo

fH [4 hd')
5= v(t)dt-S(vo—gt)dt-(vo— i’) .}
] 1) 2 1]

BriuucieHde CHAK AABICHHA BHIKOCTH

3. Ilyeres nnockad mascTaHKa G, MMeomaa GopMy KpHBO-
auHelino#t Tpanermm (puc. 17), NOrpy:kKeHa BePTHKAJLHO B
FHIKOCTE ¢ [IQTHOCTEIO p TaK, uTo €¢ BOKOBLIE CTOPOHEL na-
PanneJbLHM WOBEPXHOCTH MKHAKOCTH H VIAJEHLI OT YPOBHA
MAMKOCTH HA paccroAaHud a M b. Hailth cuny agaprenma P
HUAKOCTH HA NJIACTHHKY.

Pemenune. F3 Kypca GH3HKN M3BECTHO, YTO €CHM ILIAC-
THHKH OOrpy’XeHa B HUAKOCTE MU pacOQioXKeHA TIOpPH30H-
TANBHO HA PACCTOAHHM k OT DOBEPXHOCTH JKHIKOCTH, TO CH-
Ja paBIeHHA P Ha OAHY HS CTOPOH NJIACTHHKH pABHA
P=gph8, rae S — nnowage LDJACTHERH, £ — YCKOpeHUe
cunsl taxectd., Takum obpaszoM, cujas AapiaeHUA — JAuUHE-
Hag PYHKIAA OT rAYOHHE HmOrpysieHus mracruaxn, ITosto-
MY €eCTecTBeHHO pa3bHTL IIACTHHKY HA SA4CTH OPAMBIMH,
NAPANNIENBHHMHA [IOBEPXHOCTH RHAKOCTH (ocm Oy).

Pazobrem oTpesox {a; b] Trouxkamu
X, TAE BmXi<X;<.., <X, <X,=b,
Ha n mojaocok G, i=1, 2, ..., n.

Hnomane nonockk &, orpaHUYeH- D —--
HOU OPpAMBIMU X =X,_, H X;,, OpHOAU- y
3UTENLHO paBHa f(x)Ax, — naoma- a ¥ = f(x)

A NIPpAMOYIroJBEHHKA& ¢ OCHOBAHHEM

Ax,=x,-x,; ¥ BHCOTOK f(x,). Ilo- %1y
ITOMY CHJIA JABJACHNAA HHIKOCTH HA X
HoJlocky G; unpubnmiteHHO paBHa

Pmgpe, f(x)Ax, a cymma S=P, + b
+...+P, mpubau)KeHHO pABHA CH-
Je AABJIeHHA XHRJIKOCTH HA aac-

THHKY. Puc. 17

[
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Ecnu HamboNeImmAas U3 AJMHH OTpes3-
KOB pa3bunexns, T. e. HauGONBIICE H3
yucen Axy, ..., Ax,, cTPeMHTCH K HY-
N0, a pyaxora f(x) HenpepriBHA HA
orpeske [a; bl, To S—P, roe

]
P=g\pxf(2)dz. )

Yucao P, onpegensneMoe dopMynoi  Puc, 18
(1), HasHBaKT cuaxolt OdasrerRuUA
mudrxoemu Ha naacmunxy G.

4, BRIYHCIHTE CUEY OABTeHHA P KHUAKOCTH ¢ IJIOTHOCTBIO
f HA BEPTHKAJNBPHYIC CTEHKY, HMeIOyls GJopMy DONYKpyra
paguyca R H NOrpyseHHY10 B JEXUAKOCTE TAK, UTO ARAMETD
MOJYEPYTa PACIHONOXeH HA TIOBEDPXHOCTH XHAKOCTH.

PemeHue. BulepeM cHoTeMy KOOPAMHAT TAK, KAK yKa-
3are Ha pucyeke 18, Ilonpaysace dopuynolt (1), rze

f{(x)=VR*-x2, a=0, b=R, nonygaem

R
P=2gp\ xVRE-x?dx.
Q
]

Tark kKax GyHRUUSA —%(1-'22—;:3)E ABAAeTcH NepeoodpasHoit

ana byakuan xVRE-x? (§ 2, npumep 1 (4)), T0

R

2
2 z 2
P=-3ep(R*-x%)’| = 2 pe.

3afiaHMl ANA CaAMOCTOATeNEHON paboTel

1J3] 1) Teno asusmerca npaMonuHe#HO €O CKOPOCTHIO U ()=

=6t24t, rae £ — BpeMA B CeRYHAAX, D — CHOPOCTH B
MeTpax B cekyHAY. HaiiTu nyre, npofifernnit TemroM 3a
TPETBIO CEKYHAY.
2) Teno aBHKeTed NpAMONHHeRHO €O CKOpoCThIo U (i) =
=3¢2+2¢, rie ¢ — ppeMA B CeKYHAAX, U — CEOPOCTL B
MeTpax B cexyHay. HaiiTu nyrb, npoiifeHEME TeaoM 34
BTOPYIO CEKYHAY.

2[4] 1) AxBapuyM umeer GOpMy IPAMOYroJILHOTO mApaiie-
aenuneaa. Haditm cuny zasaeHust BoZH (ILJIOTHOCTDH
1000 kr/m®), sanonHawomneil akBAPUYM, HA OAHY H3 €ro
BEDPTHEANBHEIX CTEHOK, HMENYI0 pasMepnr 0,5 1 0,4 m
(g~9,8 m/c?).

73



2) AxBapuyM uMeeT HOpMY OPAMOYIOJABHOTO IapaJLIe-
aenuueza. Haltte cuny pasneEns BOAsl (HJIOTHOCTh
1000 kr/m®), sanosusomeit aKBapuyM, Ha OLHY M3 €TI0
BEPTHKAJNBHLIX CTEHOK, MMelIyio pasMepu 0,4 1 0,T M
(£~=9,8 M/c?).

§ 6. Npocreiiwve anddepeHuynansubie
ypasHeHns

Juneiiune naddgepennHaIbENEe YPABECENT
WEePBOro MOPAAKA

Inddepennyansaoe ypabBHeHHe

y' +a(x)y=71(x), (1}
rae a{x) 1 f{x) — sagamEnle QyEROHN, HASLIBAKOT RMeil-
HbM OuPdepenyuanvrbiM YpasHeHUEM Nepeozo nopadia.
Ecan f(x)=0, 70 3T0 ypaBHeHNe HASHBAIT O0FHOPDOOHLIAM.

IIyeres a{x) He saBucuUT of x. Torga OaHOPOAHOE YpaBHe-
HHe
y+ay=0 (2)
HABBIBAIOT JAUHEILHBIM YPAGHEHUEM € NOCMOAHHLIMU KO-
Juyuenmanu. BygeM nckaTh pemeHHe ypasHeHN# (2) B BH-
Ae y=e*. Ionyamum ke* 4 ge**=0, oTryga k=-a, y=e°%,
gg)ané{eﬂnm (2) yaoenereopanT byHkoun y=Ce % NpH JI0-
M L]
IIyers yo(x) — pelleHHe HeOAHOPOAHOTO YPABHEHHH
¥y +ay=f(x). (3)
Taxoe pelieHNe HASHBANT YQCMHELIM pEUleHUEM YpaBHe-
HuA (3). MoxuO nmorasaTnh, uTo nwboe pelleANe YpPpABHEHAA
(3) umeer BHUI
y=Ce ™+ yu(x), (4)
rae C — mocTOsTHHAA.
3agavua HAXOKACHUA PelleHHA YpaBHeHUA (3), yAOBAETBO-
PAKIOErD YCIOBHIO
¥ (x0)=Yo» (5)
rae x,, Yo — 3aJaHHBIe UHCJA, HASBIBaeTcHa 3adaveir Rowiu,
a yeaosne (§) HOCAT HASBAHNE HAYGALHOZO YCAOBUA.

Mpumep c© peilLaHHUeM

Pemmuth sagauy Komm ana anddepeHOHANLHOTO ypaBHE-
HHAA:

1) y—y=1, y(0)=1;
2) y'+2y=2x, y(0)=2;
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3) y+y=sinx, y(0)=-1;

4) y'-8y=€*, y(0)=2.

Pemenne. 1) OgsoposHOoe YPaBHeHHE HMMeeT pellleHHe
supa y=C¢%, a B KAYECTBE YACTHOTO PEIDEHAH HEOTHOPOAHO-
TO YPABHEHUS MOJKHO B3ATh Yo=-—1. Torpa smoboe pemenne
HCXOAHOrO YpaBHeRMAa uMeeT BHJ y=Ce*—1. Ilo yenoBuo
y(0)=1, rorga 1=C-1, orkyaa C=2, 8 y=2¢*—1 — peme-
nure sagzaun Kommn.

2) 3pech y=e ** — pemenme OZHOPOAHOro YPaABHEHHAdA, &
YACTHOE PpelleHue Y, HeONHOPOAHOTO YpaBHeHHA Oyzem mc-
KaTh B BHJE Yo=ax +b. Toraa a+2(ax+b)=x, otryza 2a=1,

a+2b=0, g= %, bm— %, Vo= % - i. Jio6oe pemenne HeoA-
HOPOLHOT'O YDABHEHMS UMeeT BHA

y=-Ce'2"+%—%.
Tax xkar ¥{(0)=2, 10 2=C-1, C=72—. MosTromy y=%e‘2‘+
+%-% — pemenue sagaun Kommu.

3) YacrHoe penieHHe Y, HeOZHOPOJHOTO YPABHeHnH Oyzem
ACKATH B BHAE
Yo=asinx +bcosy,
Torna acosx—bsinx+asinx+bcosx=sinx. lipmpasansaa
roohdPUIHEHTHL [PH co8X H sinx, nDoayiaem a+b=0,

a=-b=1, orryza a=%, b=—%. Hosromy a060e pemieHue He-

OAHOPOAHOTO YPABHEHHA MMEET BHJ
-x , sinx-—cosx
y=Ce +—"5—.
Ilo yenosmmo y(0)=—1, . e. —1=C-1, Cm-1, ym—_Lo=y
gsinx-cosx 2 2 2

+ =5 —— T DelleHMe 3ajavuM Komu.

4) YacTHOe pemenme Y, HEOZHOPOJHOTC YDABHEHHA Gyaem
HMCKATh B BEJE Y=ae?*, llonyunm 2ge2* - 3qe®* =e2*, oTKyAQ
a=-1, y=Ce% —¢%* — moboe pemeHnne HeOAHOPOXHOTO YPAB-
menua., Tak kak y()=2, o 2=C-1, C=8, y=3e**— % —
penresne sagaun Konoru.

Jinneiineie gudrpepeEUHANEHEIS YPABHEHHA
ETOPOTO MOPAIKa

Vparneune Buaa ¥y +a(x)y +b(x)y=Ff(x) HaswBaor au-
Relinoim OudpepenyuaAbHLIM YPaBHEHUEM 8MOPOZ0 NOPADKA.
Ilyers a(x) 1 b(x) He aaBmcaT or x. Torma ypasHeHHe

v tay’ +by=r(x) (6)
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HASHIBAIOT NTUHEHHEIM YPABHCHHEM ¢ NOCTOSHHEIMM Kosddu-
IIMeHTaMH, A YPABHEHHE

¥y +ay +by=0 (7

HASLIBAIOT IHHEHHBM OQHOPOAHBIM YpPaBHEHHeM BTOpDOrc Io-
paaka (@ » b — peiicrBuTeNbRLIe uncaa). ByaeM uckath pe-
meHAHe ypasHeHusa (7) B Buzae y=e**. TMoayuum Ale** 4+
+aie** + be** =0, oTryaa

AZ+ar+b=0. {8)

KpagpaTraoe ypaBHeHume (8) HA3EIBAIOT XYapaxmepucmuiec-
UM ypashenuem nudwpepeHIMANBHOrO ypaBHeHua (7).

Hycre ypaBEeHme (8) EMeeT ABa AeHCTBHTEALHEIX PAa3-
JHUYHBIX KOPHA A, H A;, TOTOA Y =e'l* U y,= ¢"2* — pemIeHHsA
ypasHeHusa (7). MoXHEO nmoxasars, 4To Jwboe pelmenme 5To-
T0 YPaBHEHUA MOMKHO 3AOUCATE B BHHE

y=C,e"% 4 Cyeh?™, 9)

B cnyuae, Korga A,=A,=o (ypaBHeHue (8) HMeeT OIUH
KODeHBb KpaTHocTH 2), aoboe pemenne ypaBHeHHA (T) MMeeT
BHE

y=C, e +C e~ (10)

Iyers ypasEenne (8) He HMeeT AefiCTBUTENBHLEIX KOPHell,
TOTAA 9TO YPABHCHHE HMeEET ABA KOMIIJIEKCHO COIPDAXEHHBIX
KOpHA A;ma+if, A,=0—if. B aroM cayuae y,=e**cosPx u
Y, =e"sin fx apnamTca pemeHHAMH ypaBHenua (7), a mo-
Goe pellleHHe 3TOr0 ypaBHeHMA HMeeT BMX

y=Ce"cosPx +Ce*sinpx. (11)

DOyrrons (9) — (11) EHasBIBaT OOIIMMH pelIeHHAMH
ypasHenus (7) Zas cayyaeB, KOrga KOopAu ypasHeHus (8)
ABAAIOTCA COOTBETCTBEHHO AEHCTBATENRHEIMH M DA3JIAYHH-
MM AelCTBHTEJBHEIMH H DABEBRIMH, KOMILIEKCHO COLDSMXKeH-
HEIME. JI1060e perieHMe HeOZHOPOAHOTO ypaBHeHHA (6) MOMXK-
HO NPeACTABATH B BHAE CYMMH ODNIero pelleHWA OXHOPOA-
HOrO ypaBHeHHf (7) U KaKOro-Judo (UacTHOTO) pelmeHHA
HEeOAHOPOAHOrO ypaBHeHHuA (6).

3aMeTHM, UTO pelneHUe YypaBHeHUa (6) coAep kUT nOBe
OpPOoRN3BONEHEIE NocToAHHEEe C, H C,. Ina HaAXOKACHHA THX
TOCTOAHHEX O00BIYHO 3aAa10T 3HaYeHHA y{(x) u ¥y (xX) B BeRO-
TOPOH TOUKe (HAYAJNLHBIC VCIOBHS). 3a3aUy HAXOMKAHUA pe-
meHusa ypasHenud (7), Taxoro, uTo

¥ (xo)=Yo» ¥ (x0)}=20, (12)
HASERIBAICT 2adavel; Howiu, a ycmoBusg (12) — Hauvarbubimu
HCa0B8URAMIL.
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Mpumep ¢ peweHMem

PemnTe sanauy Kommu ana audhepeEOHANBHOTO YDABHE-
HHNR BTOPOTO IMOPARKA:

1) y"-y'-2y=2, y(0)=1, y'(0)=0;

2) y"+3y' -4y=4x, y(0)=0, y'(0)=-1;

3) Y +4y +dy=et, y(O)——, ¥y (0)=0;

4) y"+9y =8s8in2x, y(0)=-1, y'({0)=2.

Pemenue., 1) XapaxtepacTuueckoe ypapHeaue AZ—A-—
—2=0 mMeeT KOpHH A;=—-1, A,=2, ofllee pemenue OAHO-
POAHOTO YPARHEHUSA:

y=Ce ™ +Coe?,
4 B XAUECTB® YACTHOrQ DeINeHAsA HCXOAHOr0 YpPaBHEHMA
MOMKHO B3ATb Yy=-—1.

H(;a-romy obitiee pemeHHe JaHHODO YpABHeHNd: Yy=C,e %+
+Ce?*—1.

Takx xax y(0)=1, y'(0)=0, 0 1=C,+C,-1, -C,+2C,;=0,
oTKYEa C,= %, Cy= %, V= i;—-e""+ %e‘*"-— 1 — pemernre 3aga-
yun Komm.

2) XapaxrepucTnueckoe ypapHeHe Ai+3L-4=0 umeer
KOPHH A;=1, h,=—4, yacTHOe pellleHHe AAHHOTO yPAaBHEHNA
GyzeM HCKaThL B BHAE },=ax+b. Ilonyanm 3a-4(ax+b)=4x,
OTKyAa G=—1, bm=-— %. QOfmee peleEHMe HEOIHOPOIHOTO
YDABHEHHA!

y=Ce"+Coe**—x— %.

ITo ycnosnIO y(O)-O y'(0)=-1. Torma CI+C,,-%, C,—4C,=0,

orkyga Ci= <, Cy= = e"+ % e _x— % — pelueaHne

20 » V=
sagavn Romu.

3) XapaxrepucTnueckoe ypapHeHne A’+4i+4=0 umeer
OANH KOpeHb A =—2 kparwocru 2. Ofiee pelllenue OZHODOA-
HOT'O YPABHEHHHA HMeEeT BHJ

y=Cie ¥+ Cyxe 2,
& B KAYECTBEe YACTHOrO PelleHUA HeOAHOPOAHOr0 ypABHeHHA
MOXKHO BEATE Y,=ae*. Iloayunm
ae”+ dae* + dae* = e,
OTKYAA a—— Toraa y=C,e 2"+ Crxe 24 = ° e* — ofmee pe-
HIeHye Heonnopo,unoro ypaBHeHHA. Tax Hax py,= l, TO

Cl _1._ = _;., oTRyfe C, =0, Y= sze_z"+ % e*. Ilo ycaosuIo

7} (0) 0, Toraa Cg+—==0 Cg—__, y———xe""+%e‘ — pe-
INeAHe 3aTa9H Romn
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4) XaparTepucTHYecKoe ypaepaeane AZ+9=0 nMeer xop-
HE M, =8i, h,=—38i, a ofinee pemeHHe OJAHOPOAHOrO ypABHE-
aEs: y=C,co83x +C,sin 3x. YacTHOE pemieHue OZHOPOAHOTO
ypaBHeHHA GyAeM HUCKATE B BHIe Y,=asin2x, Iloayunm

—4as8in2x +9asin2x =5sin 2z,
oTkyZa a=1, y=C,;cos83x+C,y8in3x+sin2x — obmee pe-
OIeHHe HeOAHOPOAHOTO ypaBHenmns. Tak xak y(0)=-1, To
C,=-1, roraa
y=cos83x+C,s8in3dx+sindx.
Mo ycaosuio y'(0)=2, T.e. 3C,+2=2, orkyma C,=0,
y=cos3x +sin2x — pemenue sanauu Komu.

3apanHMa ans caMocToaTensHo paborTnl

Pemure sanauy Komm (1—4).
1{4] 1) ¥’ +y=x, y(0)=2;
2y +2y=x, y()=1.
2{8] 1) y'+y=cosx, y(0)=1;
2) y—y=cosx, y()=-1.
3[6] 1) y"+y'~2y=2, y(0)=1, ¥’ (0)=0;
2) y"+y’-2y=x, y(0)=0, ¥’ (0)=- 3.
4[T11) y"+4y=3cosx, y(0)=1, y'(0)=2;
2) y"+4y=38sinx, y(0)=1, y'(C)=3.



i KonvponoHan pa6ora

1. Hadite Taxyio oepsoofpasuyio F(x) ans oyuxumm f{x),
rpaduk Koropoit TpoxoauT uepes TOUKY M,, ecau

f(x)-;f—, My (0; 2)
[1)= 25, Mo(-1; 2)].
2. HaliTn Bce nepBooGpasHue ana GyErumu f(x), ecan
f(x)=28in?2x [f{x)=cos?2x].

3. BRIYHCIHTE:

-

Vx-1p+2(x-1)0dx

o

2
[S ((x-2)='+3(x-2)ﬂ)dx].
0

4, Halitn naomaAs ¢uUrypsl, orpaHuvdeHHoit napaGonaMm
ymd—-x*u y=x2-4
[y=9-x2 m y=x?—9).

5. Pemnre sagauy Komu aaa aaddepeHnHalIsHOTO YPABHE-
HUA:

1) y’+2y=2; y(0)=-1
[¥'~3y=2; y(0)=1};

2) ¥'+4y=2x; y(0)=0, y'(0)=1
[¥"+9y=2x; y(0)=0, y'(0)=-1].



KombumHAaTOpHKA

L

§ 1. MaremaTtuyeckas unaykums

Mpumep ¢ peweHuem

JloKasaTh, 9T0 OpPH JIOGOM HATYDAJABHOM A BHIIQJHAETCS

PABEHCTBO
in & inl{ X, LIS P = 2R
31n6+sm(6+8)+...+sin(6+3(n 1)) 2sin? 2. (1)

Pemenue. JlokaxeM DPAaBeHCTBEO MeTOAOM MATEeMATHYEC-
KOl MBEYKIOUH.
1) Ipu n=1 paBercrso (1) BepHO: 3111-—29111 61

2) HoraxkeM, uro ecam pasgenctBo (1) nepno OAfA HEKOTO-
Poro HATYPaJIbLHOTO N, TO OHO BEPHO W AJaA n+1, T. e. Bep-
HO PAaBeHCTEO

sin -g— +sin ( x

n . x x s n nR
6+3)+...+811:1(6-!-3(n 1))+sm( + )

) 3
— 2gin? % 2)
IIpuGaBnnag K oGeHM YACTAM BEPHOrO N0 MPEeANONOMKeHUIO

pasencTea (1) sin(% + %), moJy4yaeM BepHOE PABEHCTBO

in® +sin{ X+ & in{® 4+ Bin_ in( 4+ 2=
sin +sm(6+3)+...+sm(6+3(n 1))+sm(6+3)

6
~2sin? 2+ sin (£ + 22, 3)
Ilpeo6pasyeM NpaByio HacThb paBeHc'rBa 3):
231113“ +31n(2+%) =1-cos & 3 +sm(-2~—§+T)—
=1-cos %+cos “—';-1 =1+2sin ’""';’”“ -8in ’““';""' =
wl+sin(® - 2)ai-sin(E-2CLD) oy _cog TEXL) _
=2sin3w.

Taxnam ofpasoM, U3 COPABEAIHBOCTH paBeHcTBa (3) cie-
AVeT cOpaBeANHBOCTh paseHCTBa (2). CiaenopaTenbHo, paneH-
cTeo (1) BepHO AEaA A060ro HATYPAJILHOrO n.
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3anaHun ANR CaMOCTORTeNbHOW paboThl

1[7] Hcnoaksyda MeToj MATeMATHYECKON HHAVKIIHH, X0KA-
3aTh, WUTO BCe WIEeHH DOOCAeAOBATEILHOCTH, B8IAHHON
tdbopmynoit ofiero unena 4¢,, AENAATCA HA e¢ OEPBHI
YAeH, eCaH:

1) a,=4*+6n-1;

2) a,=7T"+12n-1;
3) a,=T+3n-1;

4) a,=6"+20n-1;
5) a,=5-3%"%4 24s-3,
6) g,=6n+14 72071,

28] Ucnonmeays Meron mMareMaTHdeckoil HHAVEIIHH, ILOKa-
38Th, 4TO CYMMAa 7 NepEBIX WISHOB IOCJeAOBATEABHOC-
TH, 3aAaHHOH dopmyno# ofmero unena a,, pasHa S,,
eciIH:

__"—1'— -—E......o
L &= n(n+1)’ Su= i
1 n .

2) auﬂ—[n+2](n+s), Sn=3{_n+T)-’
3) a,=(2n-1), §, = RC1-1(2r+1),

3
4) an-(zn_l)s’ S"=n2(2nz—1);
-1 _ - .
%) a, (n+6)(n+7)° S» Tn+D’

1 _ n .
6) a,= n+N(n+8)° S,= 8(n+8)’

D a,=(n+2)2°!, §,=(n+1)2"-
8) a,=(4n+1)5*1, S,=nb".

8.[8] Moxasary, uro mpH M060M HATYDATILHOM 73 BRITIONHAET-
€A PaBeHCTRO:

1) 31n1+3inﬁ+...+sin%=2sin%'81n——“("+n-
2 4" 2xn _ Zw/_ . ]
3 +s8gin ==~ +...+31n 3 3 -sin 2L
L 2z n(2n+1)_
3 —_—

+cos — 3 +. ..+cos 3 = g8in 8

2) sin =~

3) cos =

2n 2nn _ VB _1,
4) cos 3 +cos &= 3 L 4+...+cos 22 3 3 Sin——— -3

4 oo, 11 k1. 81



inrigin(fye 2 inf2+Xi(n-1)=2sint .
5) sm6+sm(6+3)+...+sm(6+a(n 1)) 2sin

6) sin(0,1n) +sin(0,3n) +... +sin(0,1n(2n-1)) =
- sinZ(0,1nn)
gin{0,1x) °

6 1

4[9] JoxasaTs, WCIOAB3YyA METOH MaTeMaTHYecKONl WHAYK-
H¥HM, 4YTO NpPH JI06G0M HATYPAJLHOM NI BHITIOJHSETCH

HEPABEHCTBO:

n . 2n+2 .
1) E’I{l’ 2) 2n+5>1,
3) 8-272(n+3)% 4) 9.3">(n+2)%
5) 3*+7*>2.5"; 6) 4" +6">2.5";
7 0,3"+0,7"< 1; 8) 1,17 +0,9° > 2;

9) 0,3"+0,7Tn > 1; 10) 0,37 +0,7" 21,

§ 2. Npaeuno nponsseaenns.
PaamelieHns ¢ NOBTOPEHUAMM

MpuMmepbl ¢ pelIeHNAIMH

1. CKOILKO Pa3ANYHBIX YEeTLIPEX3HAYHBIX dUCEeJ, KpaT-
HBIX D, MOMHO 3anncaTh ¢ noMomby mmpp 0, 3, 57

Pemenue, Ilepeoit umadpoii uncaa mMoxer 6HTH aAHGO 3,
aubo 5 (1. e. mepeyo nudpy MOXKHO BRHODATL ABYMA CHOCO-
6amm). Bropoii u Tpereeit nudpoll umciaa momer OGLITE JIO-
6as m3 Tpex npemnokeHAnXx. IHocneaussa umbpa uuHchaa,
KpaTHOro 5, monykHa 6eITh aubo 0, nuGo 5. CornacHo npa-
BUJY HOPOHUIBEAEHMA YHCJC PAaSJMYHHX YeTBIPEXSHAUHBIX
yucell, VAOBAETBODAIM(MX YCHAQOBHIO 3ajauu, OyZer paBHOQ
2.-3.3-2=36.

OrBerT. 36.

2. Xosaera raxyoro u3 10 noMoB celhcKoll YIHUIH BBI-
OupaT OZHY H3 UeThIpeX KPacoK AAfA OoKpacKm sallopa OKo-
Jio cBoero aoMa. CKONBKO CYIIECTBYET BAPHAHTOE OKPaCcKH
saboporp Ha aToE yamue?

Pemwenne. IIpuceoaM HMeIOMIAMCE KpacKaM HOMeDa OT
1 po 4. Torga wamarid RO3MOMHLIN peayALTAT OKPACKH 3a-
H0pOB MOMKHO ITPEICTABHATL B BHAE JSCATHIHAYHOTO IHCAA, 34-
nucaHHOro ¢ momoinsio nudp 1, 2, 3, 4. Beero Takux yncen
Oyaer Al°=412=1048576 (uucao pasMellleHU#l ¢ NOBTOPeHH-
amu u3 10 sneMeBTOB, BHIOMpPAEMEIX K3 3JEMEHTOB UETHIDEX
BHIOR),

OTreer. 1048576 BapuaHTOB.
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3apanua ans CaMOCTOATeNbHO pabortsl

1[4] 1) Mare yuamumxcA paccaskuBaloTca HA 5 CBOGOAHBIX
CTYAbAX. CHRONBKUMY CIIOCOGAME OB#M MOTYT 38HATH 3TH
cTYNBa?

2) IlecTs yyaAIGMXCH 3AHUMAIOT OuepeAb B IKOJbHEIN
6yder. CKoAbKUMA cnocofaMy OHH MOTYT 2T0 CAeJaTh?

2J4] 1) CronpruMu cmocobaM® TPH AE€BYIIKM MOTYT BBi-
6paTh cebe mMapTHepOB Ha HepBHI Oexwlil Tamel cpean
6 MomogpIx Jaioaeli, NpHINeAMINX HA ANCKOTEKY?

2) CromasKHUMH cmocofaMm dYeTBepO MOJOABX JAIofiel
Moryr Bmlpars cefe mapTHepll HAa DOCHAeIHHH TaHeN
IIKOJMLHOTO Beuepa cpeau 5 mesymex?

3[5] 1) Cronpko UETHHIX YeTHIPEXSHAUHBIX HHCEA MOMKHO
sammears ¢ noMompro uuop 0, 1, 2, 3, 4, 5, 67 (Iud-
pEl B 3a0HCH YUCAA MOTYT OOBTOPATHCA.)

2) CKOABKO HEYETHBIX YETHIPEX3HAYHBIX 4YMCeN MOYKHO
sanmcaTts ¢ nomMomsio magp 9, 7, 5, 3, 2, 07 (Hudbpu
B 3aOUCH YHMCJA4 MOT'YT NOBTOPHTBLCA.)

4.[6] 1) CronsKo CyWIeCTBYeT BOCEMMSHAUHBIX THCEN, ¥ KOTO-
PHIX Bee MUMPHI, CTOANIHE HA YOTHEIX MECTAX, HeUeTHhIe?

2) CrOJBKO CYIIECTBYET JeBATHIHAYHEIX YHUCE], YV KOTO-
pPHIX Bee LHGPEH, CTOAIDNE HA YETHHEIX MecTaxX, YeTHHE?

5.[6] 1) UmeroTca 6 pasamuHBIX AMBAHOB M 3 pPYJIOHA TKAHH
pasHBX IBeTOB. CKONPKAMM CIHOCOGAMH MOMCHO OcCyle-
CTBHTH ODUERY 3THX ausaHoB? (Jlupan obuBaeTCA THAHLIO
OXHOTO IBETS.)

2) Huetorca 7 pasnuYHBX CTYAREB B 2 pyIoHA THAHH
pasHEIX IBeToB. CROILKMMH CIOCOOAMHA MOYKHO OCYINe-
cTBATL 00EBKY 9TUX cTyabes? (Ctyn o0uBaeTCcA THAHBIO
OAHOTO IBETH.)

6.8] 1) Ha ckiame HaXOAATCA PYJIOHB BOCBMH DASNAYHEIX TH-
moB ofoes. Hy:xao nmponseecTH okJIefKY cTeH B TpeX KOM-
HATAX OOMERMTHA (BCST KOMHATA OKJIeNBaeTcA oboamu on-
Horo Tana). CROABKUMH crocobaMH 3TO MOIMKHO CAERaTh?

2) Mmewrca GaHKN OATH DPA3JIHYHEIX OTTEHKOB Kpac-
xu. HymHO OpoH3BecCTH OKPACKY CTEH B YETRIPEX KYy-
XOHHBIX NMOMEINCHHUAX FOCTHHMIH (BCEe CTEHEL KAXMCMOH
KYXHHR OHKDAUIUBAIOTCA ONHHMM OTTeHKOM). CroOIRKHMMU
cmocoDAMH 3TO0 MOKHO CIenaTh?

7[5] Pemints ypaBHenme: 1) AX=243; 2) Z},=625.
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§ 3. Nepecranoskn

MNpumeps ¢ peleHuaMM

1. HmeeTca 8 HKHUr, CpeIM KOTOPHIX 3 KHHICU OZHOTC AB-
TOpa H 5 KHHT PasJAHUYHEIX APYIrAX ABTOpOB. CKOJABKHME
coocobaMM MOMHO NMOCTABUTE BCE »TH KHHEIH HA OOJAKY Ta-
KaM o0paszoM, 4TOORl KHUTH OFHOT'O ABRTOPaE OKA3SIHCE PAAOM?

Pemenne. Ilepeonauansao 6yieM CYUTATE KHUTH OZHO-
ro ABTOPA 38 OAHY KHHry H OyaeM pPACCTABIATL HA OOAKe
MOAyYeHHBIe NMeCTh ¢KBEHrs. YHcAo caoocofon PACCTANOBKY B
pan Zng HUX papHO P,. KHuUru oaHoro aBropa MexAy coboil
MOJKHO NepecTaBuTE P; criocofamu, CoriacHo mpasuiy mIpo-
H3BEeNEHHA EBCEro Cooco00B PACCTAHOBKH HMEOIOHUXCA BOCH-
MHE KHHI, YIOBIeTEODAKINUX TpebGopaAHK0 3agaqm, Gymer
paBHO Pgy-P;=6!-31=T720.6=4320.

OreeT. 4320 criocoGamMu.

2. CKRonbKO aHarpaMm (CJIOB ¢ NMepecTABNeHHBEIMH GYKEAa-
MHA, He00A3ATEAbHO HMEIOIINX CMBICJ) MOMKHO COCTABMTL HI
CJA0OBa «aHTeHHA»?

Pemenue. B cioBe ¢aHTeHHas OYKBA «8» HCOOAL3YETCH
2 pasa, OyuBa «H» — 3 pasa, OYKBBHl ¢T» H «€» — IO OXHO-
My pasy. 3ajausa CBOJUTCA K HAXOMJASHMI YMCIa Nepecta-
HOBOK ¢ LOBTOpeHMAMH P, .. .. . 0OpY ny=2, ny=38, nz=
=n=1 (ny+n,+n;+n,=n=T7 — upego SYKB B MCXOTHOM
COBE):

2 = _92.5.6.7=
Py 1.1=goam =256 T=420.

OTreer. 420 anarpamMm.

3apauna ans CamMoOCTONTENnLHOH paboTw

1.[4] HaiiTn sHaueHue BHIPRMKEHUA:

18!, 20!, 7.3, 123t
1 18!’ 2) 18!’ 3) 10 * 4) 10t.21°

2.[5] VopocTuTs BHIpameHme:
1) Pueg 2) Povs 3) (n+2)Pr.1, 4) Puvs

(n+1)pP,’ (n+2)p,’ P (R+8) Py
3.[6] PemnTe oTHOCHTENLHO N yDaBHEHUE:
(n+1)P,_, (n+2)P,_5
1) ———2==0; 2) ——— 22 =0
) P,,_g ) Pn—-i
Pu-l-l _ . Pn —
3) P = 12; 4) P =20,
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4[5} 1) CkoNpKO pA3IHUYHRIX IDECTH3HATHHX Yucea (He co-
AeDRAIMX OZUHAKOBRIX LHQP) MOKHO 38HNCATE ¢ TIO-
Molnei undp 2, 3, 4, 5, 6, T rakum obpazoM, urolu
noayveHHoe 4ucao Gsliio KparHo 57
2) Cronbko PA3AUYHLIX UYeTHHIX OATHIHAYHEIX YHCEN
(He comepRAAX OAHHAKOBHEIX IM(P) MOMHO BAIMCATD
¢ moMomsio undp 1, 3, 5, 7, 87

5.[6]1) CroNbKO PA3NMYHMX IMECTUSHAUHBIX YHCeN (He co-
HepRamiuX ONAHAKOBHIX LE(p), KpaTHBEIX 4, MOMKHO
ganucars ¢ moMowmew oudp 1, 2, 3, 6, T, 9?

2) CKOJMBKO PASITHYIHKX IISCTHSHAYHBIX ynceda (He co-
Jepxaninx OZHHAKOEWX IHAP), KpaTHEX 6, MOXHO
3ampAcaTek ¢ DoMoumielo nudpp O, 1, 3, 5, 7, 9?2

6.5] 1) CronrkuMu cnocoGaMH MOXKHO OGO3HAMMTH BEPITH-
HBl OKTa3Zpa ¢ noMomsiv 6yke 4, B, ..., F?

2} Croapkumy crocofaMi MOMHO 0B0SHAYATH BepIIn-
HH Ry0a ¢ momomsio O6yxe A, B, ..., H?

7.7 Umeerca 9 xanr, cpean roropmix: 1) 5; 2) 6 — xHuT
OLHOT'O ABTOPA, & OCTAMLHEIE — KHHI'H JPYTUX PASHEX
aBTOPOB., UCKOABKAMH cIocofaMHA MOMKHO pACCTABHMTE
3TH KHHATH Ha HoJAKe TakuM ofpasom, wrolml KHATH
OZHOTO ABTODA CTOANAU PANOM?

8.[8] Beruncanurs:
1) Py 315 2) P3 4,95 8) Py g 35 4) Py g 5.

98] HaliTn wuci0 aBarpaMM, KOTOPHIE MOYKHO COCTABHTH K3
¢J0BA:
1) pama; 2) ryra; 3) TecTh; 4) TpaBa; 5) KapasaH;
6) rasera; 7) kykiaa; 8) oyGnux; 9) sabacroska; 10) Tpy-
Gonpoeox.

108]1) Ona uerBephix Herei RYnunm 8 pasjauuHBIX UIpYy-

MIeK M DemHJIM Ka)KAOMY NOZAPUTH NO ABE€ M3 HHUX.
CKONBKHEMHE CHOCOBAMHA 9TO MOKHO CAeNATH?

2) Ina tpoux gereit kxynuau 9 pasaImUIRHX HATPYHIEK
H PeIllJIR KAXKAOMY HMORAPDHTE MO TPHM B3 HAX. CKoJb-
KHMH cOoco0aMH 3TO MOMKHO CHEJATH?

i § 4. Paamewennn 6e3 noesropeHmis

Mpumepnl ¢ PELISGHNAMU

1. B onuMnuage oo MATEeMATHKE YUaCTBOBANO 6 oHOMmMeLl
H 4 pepymkH. CKOALKHEMH cOOCOOAMM MOTJIH DACIpefeSHTh-
CA MeCTa, 3AHATHIe HA OJAHMNNANE ACBYIIKAMH, €CJR HAKA-
KHe ABA VYACTHHKA He Hadpanu oamHakobele Gannel?
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Penienune, Becero mmeerca 10 mect (oT ogHoro ao peca-
TH), H3 KOTOPHIX JKO0LIe YeThIPE B IPOU3BOJIBHOM MOPARKE
SAaEMMAIOT AeBYIIKHK. 3ajada CBOAHTCA K HAXO0MACHHMK) YINO-
PAROUEHHLIX COSOMHECHMN N3 4YeThIipeX SJeMeHTOB, BuiOupae-
MBIX H3 AecATH MMelomuxca. Ux uucno pasHO

A} =10-9-8-7=5040.

2. Yernipe BpaTa M HX cecTpa BHIUTpanu ABa OHaeTa Ha
MecTa Ne 1 1 M 2 meproro pARa KMHOTEATPA HA IIPOCMOTP
tpecTuBansHOrO $uAbMa. CKOABKHAMM cmocofaMm MOryT 3a-
HATH 3TH MECTA MOJOABIe JUOAH, €CAHM OHH pelliaH, Y4TO HX
eIHHCTBeHHAS CecTpa oGA3aTeNBHO MolzeT Ha HOpPOCMOTD?

Pemenne. I cnocob. Ecan 6 BLIGOp OoCymecTBISACS
CheAH BCeX MATEPRIX MOJOARIX JAIOZe#d, TO 3GHATH YKA3aH-
HBIe MECTs OHM CMOTJH Onl Af cnocoBamu. Umneno 3TUX cmo-
coB0B CKJAABIBAETCA W3 TeX, TAe NPHUCYTCTBOBAAH OGparha
fes cecTpul (MX YHCIO pasHO AZ), H Tex, e HNPHCYTCTBOBA-
na cectpa. Yucno nocieiHMx paBHo AZ-AZ=5-4-4.3=8,

Il cnoco6. Ecak cecTpa saHuMaeT MecTo M 1, 1o Ha Me-
cte Nt 2 MomeT oxasaTeea A06ol ma yverspex Gparees. Ec-
1Y cecTpa 3aHMMaeT Mecto Ne 2, To 3aHATE MecTo Ne 1 Gpa-
THA MOTYT TAKMe dYeTHpbMa cmocobammu. Taxmm obpasom,
cymecTeyer 4+ 4 =8 cnocofoB 3aHATH AaHHME JBA MecTa C
0043aTeNBHEIM DPUCYTCTBHEM Ha NPOCMOTPE CeCTPHI.

OTBeT. 8 cnocobamMu.

3apanua AN CaMOCTOATENbHOW paborsl

1.[4] Haiitu sHauenue BLIPAsKEHHA!

1) A%O_Ag ; 2) A12+A§] :
Ak Ajo
3) Ads-Als : 4) A%a'ﬂi’a_
A%, A,
2.]5] PenInThr OTHOCHTENBLHO M ypABHEHHE:
1) 24% -54% _,=0; 2) 24%-343.,=0;

3) 242 —3AZ_,=24; 4) 5A?Z _,—2A% =16.
8.[8] PemuTtp oTHOCHTENLHO M HEDABEHCTBO:

1) A% -A% ,<10; 2) A% -A%., >-8;

3) A% -A% _,<36; 4) A3, -A% <60.
4[8] PemuTs oTHOCHTEJBHO M ypaBHeHHE:

1) A% -A2 =40; 2) A3 —A% =90,

86



5.6] 1) Ha mosky cTaBaAT 3 pasJmYEile KHHTH OAHOTO ABTO-

Pa B 5 IpPYrAX KHHI DABJHYHBIX ABTOPOB (Bce KHHTH
PasAIHYHHEIX aBTOPOEB). CKOJIBKHEMH cOOCOGAMH MOTYT Sa-
HATH MeCTa Ha MOJKe KHArM OJHOTO aBTOpa?
2) Yerripe wenoBeKa, He I'IAlXd, BHITACKHBAWOT IO Of-
HOMY J0oTepeitHoMy OMAeTy M2 mMauyKH, B KOTOpOil Haxo-
AATCA TMTPOHYyMepoBaHHLIe 12 Guaeros. CKONEKAMHE CITO-
coaMH MOryT DACOpeAeNUTECH HOMepa OHIeTOB cpeau
ATHX YeTHIDEX YeNOBeK?

6.[7] 1) Humerorca pysroEb TKAHH NIECTH PASIMUYHKEIX I[BETOB.

CxonpkumMu cnocofaMy MOMKHO COIATE W3 TOPH3OH-
TAJBHBIX MOJIOC TKAHH OAMEAKOBOH INIMpPMHAE: A) Tpex-
uBeTHRIH ¢aar; 6) rpexneeTHHA dutar, v XoTOPOro ox-
Ha H3 OOJ0C ZOMKHA OBTH HMEIDIIErocs 3eJeHOrO
gaeTa?
2) HMeoTCd DPYNOHEI THAHH CEeMH DA3NHMYHBLIX IBETOB.
CKOMBKAME C¢IOCO0AMHM MOKHO COINTH M3 TOpPH3O0H-
TANBHEIX ITONOC TKAHH OQMHAKOBOI IIMPHHEL: a) Tpex-
IBETHRINA ¢uar; 6) TpexuseTHs# ¢nar, y xoTOporo ozn-
HA W3 NOO0JOC JONMHE OHLITH HMMEIOIErocs KpACHOrO
nseta?

7.7l B maxmaTHOM TypHHMpe yuacTeywT: 1) 3 feBymEM u
17 waomeii; 2) 4 gesymuy u 8 woHomeii.

CRONBKUMY CROCOBAMM MOTYT PacHpeNeNHTHECH MEeCTa,
SaHATEHE B TYPHHpEe ASBYIIKAMH, €ciII HHKaKue 2 yua-
CTHHKA TYPHHPA He HaGpaau OAMHAKOBOE IMCIC OYKOB7?

8.[7] Haiitn ofnacTe onpefeneHHA U MHOMECTBO SHAYCHUI
GyHKIHHN:

1) y=A%; 2) y=A%; 3) y=3P +A}; 4) y=AF+2P,.

§ 5. Coueranua 6e3 NOBTOpPEHMIA
M 6uvom HeloTOHA

MpuMepnl ¢ peLISHUAMN

1. Mz umeromuxca 5 xapaHgameil m 4 G6I0KBOTOB BHIOK-
paorce 3 kapaHfjama u 2 GaoKHOTA. CKROIBKAMHE cnocoba-
MH 3T0 MOMHO CHEJIATH?

Pemenne, Tpn na namm Kapaugameil Mo:KHO BHOpATh
C% cmocobamMu, a ABa M3 yeThipex BaoKHOTOB — CZ cmocofa-
mu. CornacHo npaBmay NpOMBBeJNeHNA cymecTsyer Ci-Ci=
= ———3?;1 . ——-2‘:;1 =60 cnocoBos BrGopa Kapamgameik 1 6JOKHOTOB,
OTRLUAOINUX TPeDOBAHHID 3ajagdH.
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4
2. Haiiry anen pasnosxennas (\/;+ -L_)m, coaepKaImul x 32,
Vx

Pemenue. n-ii 4jieH pajsjo:KeHNs ABCHAAUATOH cTemeHn
JaHHOTO B yeaoeuu GuHoMa (rge 0<n<12) umeer BUA

1\i2-af _1\n g.B_n s-3,
'{2(::"‘) (x 2) man Clyx ! 2=Chx .
Oror uneH Gyner coaep:xarh x~° mpu 3—%n=-—3, T. e. opu
n==8. Illpu n=_8 SuHoMuaasEEl Koaddunuent C,= 8! 41 =495,
OTBer. 4952735,

3anaHna Ana CaMOCTORTENIbHOW paboTul

1.[6] HaiiTn 3HaueHHe BHIDAYKEHHA, NPEABAPHTENLHO YIPOC-
THB €ro ¢ IIOMOIBLIC CBOMCTE 4YHCJA8 COUMETaHMIA!

1) C3+Cl; 2) C4+C4
8) Ci+C4+C%  4) CI+Ci+CY;
5) C3-C%; 6) C4,—-C§;

7) CE-Chs

8) C§,~Co;

9) CI+CL+C3+C3+CE+CE+CE+Cs

10) C34CE+CE+CE+C3+CL+CY;

11) C3+C§+C§;

12) C1+C8+CE+CY;

13) Ci+CEi+Ci+Ci+C3;

14) CL+C3+CE+CE+CE+C5+CL.
26] 8anucaTr paznoxenue GHHOMA:

1) (2a-30)%  2) (3x-5u)
3) (x%-r-x-;')s; 4) (a%+a:)4;

5(3-3)5 (-4
8.[7] Hafiru unen pasnoxenusa Oumoma:
1) (a+Va)“, comepxamuil a'%;
2) (Vb+b)'5, coaepmamuii b7;
3) (\/_—i_)w, comepaxamui x°;
X

16 5
4) (W—sl_) , comepsxamuit x 2,
X
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4[5] 1) lloaeunack BO3MOMKHOCTS B TPH H3 HMEIOIHUXCA BOCH"
MH HOJAPOUYERIX Halopa AOJOMHTE IO OTHOMY (aako-
HY AVXOB (Bce GNaKoHE OAWHaAKOBEIE). CKOJABKAMU
cnocofaMu 53T0 MOMKHO CASAATh?
2) YeTrlpe DYTERKH B ZOM OTABIXA HYXHO pacmpepne-
JHTH MeXJY AeBATHIO COTPYAHHKAaME JafopaTOpPHH TAK,
uTOGE ¥ KaRZOro oKasanock He Golee oxso#t MyTEBKH.
CxonbkuMH crniocoGaMu 3TO MOMHO CREJIATH?

58] B ypue maxoasTca 10 Geamx u 5 uwepHHIX INApOB.
CKONBKHEMH CIOco0AME MOYKHO B3ATH U3 ypHEI: 1) 3 Ge-
JABIX H 2 9epHEX mapa; 2) 2 Gexslx ¥ 3 YePHEIX mapa?

6.{6] Xoxketinaa xomamaa cocrour: 1) us ABYyXx BpaTapeii,
OATH SAMMTHUKOB H COeMM HANAJAIOIGAX; 2) H3 TpeX
BpaTapeii, IIecT# 3AIMATHHKOE ¥ OISCTH HATAAAOMAX,
CroankumMn coocobaMu TpeHep MOMKeT o0pasoBarb
CTAPTOEYI0 IIECTEPKY, COCTOAINYIQ U3 BpaTaps, ABYX
BAMATHUKOR M TPEeX HANAZAKODHXT

7.7]11) B Tpu Kyme marona moezfa cazATcH 12 maccakmpos,
no 4 veaoBexa B Kaxjgoe Kyme. CKoArKMME crocoba-
MH OHH 5TO MCrYT CASHATH?

2) B dersipe kynme BaroHa karteropum CB cagarca
8 maccamHpos, 0 2 ueoBeKA B Kamjgoe Kyme, CROIB-
KHMU cnocofaMnu OHM 9TO MOTYT CREJATH?

8./8] Ha maockocTy mpoBefeHo 71 OPAMBIX, CPEXH KOTOPEIX
HeT HA OAHON NApPE NAPAJIIENBHBIX NPAMHEX M HHU Of-
HOH TpoHKH IPAMBIX, NEepPeceKaiONINXCA B OAHON TOU-
Ke. Haditu: 1) uMemo ToueK TepeceueHHUA ITHX IIpHA-
MuIX; 2) YHCAO TPeYrofIbHUMKOB, O0pABOBAHHBIX DTHMH
OpAMBIMH.

9.J6] Yxasare obmacTh ompefeneHHS (QYERIHR:

1) y=C%  2) y=C%  8) y=Cii;  4) y=C§*.
10{T|Hafitn o6nacTe ompefeNIeHHA M MHOXCECTBO SHAYCHHI

GYHKI[IH:

1) y=Cf; 2) y=Ci;

3) y=Ci,-CiA3; 4) y=CiCi+A3,.
11.]8]Pemurs ypassenne:

1) 8C;—Tx=4; 2) 5C5+2x=11;

3) xAC3-P,=12;  4) P,Ci—2i_1s,
X

12.[8]| PemnuTs HepaBeHCTERO:
1) CL+x>A%; 2) At-4x>C§;

Alﬂ
8) P,-20C5> 9*;‘ ;

4) C3,. - A;>xP,.
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§ 6. Couetannn ¢ nosTopeHuaMm

Mpumep ¢ pewnenuem

CKONBKO PAZJMYHBIX NoZapouHbIX Habopos us 12 xouder
MOXXHO COCTABUTH, €CAH B HAJIMYAM MMEIOTCA KOH(pEeTH Tpex
BHAoe {KoHdeT RazKxoro suaa Goabme 12)?

Pemenue. Ilopagox pacnonosxkenusa KoHnder B Habope He
HMeeT 3HAYCHNA, IIOITOMY 3amada CBOANTCA K NOACYETY 4HC-
Ja codeTaHuil ¢ moBTOpeHmAMA u3 12 ajgemeHTOB, BHIOHpae-
MBIX M3 »JIeMEHTOB TpeX BHJIOB:

6;2— B+12-1)! 14! 91.

T@-pnzr o2z
Oreer. 91 Habop.

3anaHMa Ona CaMocTOoATensHol paGoTm

1[5] Beruucants:

1) Ciy; 2) Ci% 3) C§; 4) Ci.
2.[6] Hdorasarn, uTo!

1) Ch=Clips  2) Chypy=Ch

3[5] 1) Ilecrs abaox BHIGMpaioTCA M3 AGIOK UETHIpeX COp-

TOBR, CKOJNBKMMH CIOCOBAMM 3TO MOMKHO COEJNATh, €CAH
AGNOK KaMgoro copra Gonmite mectTu?
2) INorynawres BoceMe GyTGONOKR OZHOTO pasMepd, BH-
Oupaembix Ha $yThoaor mATH nBeTOB. CKOJBKHMH CIIO-
cofaMHn 3TO MOMHO COENATH, ecJH PYTOHOIOK KaKAOTO
OBeTaA B Marasure GoJnile BOCHMHT

4[6] 1) CronpruME cnocofaMM MOMKHO PA3JIOMHTbL 9 OXMHA-
KOBHIX KoHdeT no 4yeThipeM KopoOkam (B Kaskjoil Ko-
pobre Moker okasaTeca oT 0 g0 9 xouder)?

2) CroapeMMHE crmocobaM¥M MOMKHO PasnoknTs 10 oxm-
HAKOBRIX Kapapjaliell mo TpeM KopofxaMm (B KaKQOH
kopobke Mo3eT oxasaTeCa oT O go 10 kapamzanieii)?

5.[7] JIudT ¢ ueTHIPLMA NACCANMKVPAMH OCTAHABIUBAETCA Ha:
1) opyHHEAnUATH aTadax; 2) cemu araxkax. Ha raxcaom
sTaxXe MOryr BeIiTH or 0 Ho 4 genmoeek. CROIBKO Cy-
MIECTBYET PA3JIMYHBIX crnocofoe oceobompenmsa xudra
OT IACCANKHPOB, €CAN CHocoOHl pPes3NYalTed TONbBKC
YHCAOM N0fel, BEINEJIONX HA KOHKPETHOM aTaje?



KoHTponbHaa paborta

1.
24

Py | 43

CKONBKO PAZAUYHHX YeTHHIX TPEX3IHAYHEIX THCEJ] MOXKHO
38OHCATH: ¢ ToMOIObI0 oudgp 2, 5, 7, 9 npr yeaoeuH, 4TO
oAdpPEl B YHCAE ZO/KHE OHTE pasHMMH? [CROJBKO
PASAHYHLEIX HEYeTHHIX TPEXSHAYHEIX YHCeX MOXHO
2amHCaATE ¢ noMomeo urdp 0, 2, 4, 5 opu yenoeum, 9TO
nubpu B gucae AOMMHE GHTL pasHeiMET]

CKOABKAMH cmocofaMHu MOKHO COCTABHETE OykeT H3 ABYX
HAPOHECCOE H TPeX TIOJBOAHOB, €CIH B HAJHMYHKM HMMEIOT-
ca 4 saponucca u 5 Toasnanos? [[IIudp cocrasnserca B3
Tpex pasAHYHHX GVKB, BEIMpAeMBIX H3 NEepPBEIX BOCEMH
Ovyxs aspaBuTa, H deThipeX pASAHIHHX Oudp, Budupae-
MeIx 13 nudp 2, 4, 5, 6, 7, 8. CROALKO pasauuHEX WIHGp-
POB MOKHO COCTABUTH TAKHM o0pazom?]

SanucaTe pasaoxenHe GunoMa

(2=-3) [(5-3)]

Brraucaurs (C3+CE)-

6.

Haitti ofinacts onpeAeNieHAs ¥ MHOKECTRO 3HAUCHHU QYEK-
IIHH
_axch [ cha
¥y=—p, Ps |
HaiiTn unen paajioxeHua GHHOMa

({,';_3_1__)“ [(W— 5% )12]’ cozepxaia x% [x%].
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JJIEMEHTEl TeOPHH
BePOATHOCTEMH

$ 1. BepoartHocTs cobbiTus

ipumep ¢ pewennem

B xopobre nesrar 15 oABHAKOBRIX HA OLIYIb WIAPOB: 5 Ge-
AHX, 4 KpacHeX 1 § uepnwnx. Hayrag BeiHuMaoT 3 mapa.
HaiiTi BepoATHOCTE coObITHA: 1) A — Bce TpHU BHIHYTHIX LIA-
pa Gemoro meera; 2} B -— Bce BHIHYTBHIE IOAPE DASHEIX LBe-
108; 8) C — cpean BhIHYTHIX 2 Kpacaklx WIApa 4 1 uepHEIi.

Penienue. O6mee YHCIO BOZMOMKHBIX HCXOAOB HCIRITA-

435 14
HUA 1 paBHO C} =12 = 18:14:13 _ 455
3 2.
1)} BnaronpuATcTBYIOIIEMH COORITHIO A HcxoaMn OyayT
BCEBOBMOKHEIe TPOHKHM OenbIX IApOB, BHUpPAHHRIX A3 OATH

MMEIINXCA B Kopobre, 1. e, m=C4=10. Torga

m 10 2
PA= =355~ 91

2) Jioboit B3 NATH GeJBIX IIAPOB MOXKET IOABHTHCA € JIO-
OKIM M3 9eThIpeX KPACHBIX, 8 J100ad mapa «6elsiid M KpacHEIH
IIAPEI» MOMKET COYETATHCA ¢ JIOOKM M3 MIeCTH YepHHIX IOAa-
poB. CornacEo KOMOMHATOPHOMY OP&BRNAIY OPOH3BEACHHUS CO-
Spitnic B Gnaronpuarersyior m=5-4.6=120 uacxomos uc-
ORITAHUA (Tpoex paanoune'rumx mapozr)., Torya

120 24
PB)=T ==

3) lpa npacHBIX WApPA H3 YeTHIPeX HMEIIIHXCH MOXKHO
Bubpare C3=6 cmocobamu. Kaskaaa mapa KpacHbIX NIAPOB
MOMET MOABUTHCA ¢ AWOKM B3 IDECTH YepHEHX ImapoB. Co-
TAACHO OPABHMJAY NpoH3BeAeHuA cobrtuiec C GraronpusaTcT-

Byior m=6-6=386 mcxozos, noafromy P(C —n_ 36

n 455 °
Oreer. 1) 3)

21 ; 91 ; 455

3apaHua ANa ¢aMOCTORTENLHOW paloTm

1.[4] IIyers A ¥ B — HexoTOphle COOHITHA, KOTOPHIE MOLYT
IPOM3OKTH B OJHOM MCHBITAHHM, Sanucarh cobniTHe:

1) ¢, — npousomnao Mo KpaiiHelli Mepe 0RO H3 COOH-
THH A n B;
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2) C, — upousomnu oba coberTma (u A, u B);
3) C; — nmpouzoimyio cobniTie A, A cobriTHe B He Ha-

CTYNHIO}

4) C, — npousomno cofmrne B, a co0mTHe A He Ha-
CTYIIHIIO;

5) C; — He mpoMRCIIIC HM OAHO N3 ABYX XSHHBEIX CO-
GrrTif;

6) C; — npousonLIo OZHO U TOABKO OJHO H3 ABYX JAaH-
HEIX cOOBITHL.

2.[3] (YVcTHO.) U3 noaroro Hadopa AOMHRHO CIyIafHMM ofpa-
30M H3IBJISKAETCHA OAHA KOCTAINKA. HaiiTA BepOATHOCTH
TOT0, 9TO 9TA KOCTALIKA:

1) apa—Tpu; 2) BONB—ImecTh;
8) HOJAE—HOJL! 4) OATH—OATH.

3.[4] B amuKe HaxomaTcA 2 Genblx, 4 KpacHbX X 6 yepHRIX
mapos, OOHHAKOBBIX Ha oOiyns. Hayrajx BHIHHUMAETCH
ognH map. HaiiTi BepoATHOCTL TOTO, UTO 3TOT HIAD:
1) Genmwait;

2) XpacHBIii;

3) mimy KpacHHHA, MIH YepPHKIH;
4) unu Genwill, UAH YePHHI;
5) He YepHBIH;

6) He Genblii,

4[4) Y3 xonoar1 xapT (36 AmcToB) cayuafiHEIM 06pasoM H3-
BJeKAeTCA oAHA KapTa. HaliTu BepoaTHOCTE TOrO, YTO

3Ta KAapTa:

1} cemepra Tped; 2) mecreprka 4YepBeii;

3) xopoar vepHOR MacTH; 4) paMa KpacHOM MacTH;
5) Tya; 6) Baner;

7) YeTHO® YHUCAO; 8) HeuyeTHOE YHCIO;

9) WM IecTePKA, HIH CEeMEepPKAa;
10) umn BochMepxa, MM AECATKA.

5.[5) KakoBa BepOATHOCTB TOrO, 4TO COyHaiHHM 0GpasoM OT-
KPHTAA CTDAHHIIA HOBOI'O HNEPEKHATHOr0 KaJeHAADA Ha
MapT Mecsdl MMeeT B samHcH gaTel mudpy: 1) 23 2) 3;
3) 0; 4) 17

6./6] B mapruu us 200 geraneii: 1) 4 neranu GpaKoBaHHEBIe;
2) 5 geraneit Gpaxosanunx. Kaxkopa meposarHocTs Toro,
9T0 ABe caydailiHrIM ofpasoM HaLATHE H3 NADPTHH Ae-
TAIZE ORAXRYTCA OPAKOBAHHEIMA?

7.[6] B naprum ua 500 geraneii 6pakoBaHHNX Aetaieit: 1) 6;
2) 4, Karkosa BepOATHOCTL TOrO, 4TO CpeAH ABYX cay*
ualiHEIM o0pas0oM U3BATHIX K3 NAPTHH Jeranel Ae Oy-
AeT HA OXHON GpakoBaHHOMN?
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8.6] Bpomert: nBe urpanbubie KocTH, KaxoBa BepOATHOCTE
TOTO, 4To: 1) CyMMA BHINABIINX OUKOB — HEUETHOE
ypene; 2) cyMMa BRIDABUIMX OYKOB — YeTHOE YHCHAO:

3) Ha TepBOl KOCTH BHIIAJO MeHEIle 3 OYKOB, a Ha
BrOpOit — Goskumie 4; 4) Ha nepBoil KOCTH BHIIANO
Goxbime 4 OYKOB, A Ha BTOPOI — MeEbIOe 3; 5) mpo-
H3BeAeHNE BRINABIMHX OTKOBR -~ YeTHoe UHcAo; 6) mpo-
U3BeJeHHEe BHIOABIIHX OYKOB — HEYETHOE WHCJIO;
7) DpomsBeAeHUe BHINABIINX OUKOB KPaTHO 3; 8) mpo-
H3BeJleHHEe BBIMABOINX GUKOB KpaTHO 4; 9) Ha nepwoi
KOCTH YHCJIO OYKOB MeHbIme, ueM Ha Bropoti; 10) mHa
BTOpPOil KOCTH YHCIO OYKOB He MeHbIOEe, YeM HA BTO-
poit; 11) cymma ouxoe MeHbIme 12; 12) cyMMa o4dkoB
He Goapmie 117

9.[6] B amure nexar 7 Gennlx u 3 yepHBHX mapa. Hayraz
BEHIEHHIMAIOT 2 mapa. HaltTu BepoaTHOCT: TOTO, YTO Cpe-
AH BLIHYTHIX: 1) oba inapa uvepnrle; 2) oba mapa Oe-
Jele; 3) oAuMH wwap Genklfi, Apyroii uepHmil; 4) ogne
map YepHLIHA, Apyro# Oenniii.

10.[7] B kopobxe nexar 6 Geanix u 4 wepnux mapa. Hayrag
BHIHHMaloT 3 mapa. Hailta BeposaTHOCTE TOTO, YTO!
1) Bce 3 mwapa Gensle; 2) Bee 3 miapa uepHule; 3) 2 ma-
pa vyepHEIXx ¥ 1 Gexnrnii; 4) 2 mapa Genbix u 1 YepHBIH.

11.[7] Bpoment: Tpu urpansase xoctu. Haiitu BePOATHOCTE
TOro, 4To: 1) Ha KamA0ol M3 KocTe#t NOSBNIOCE YETHOE
TUCIC OYKOB; 2) HA BCeX KOCTAX BBINAAN HeYeTHEhIe
qucaa; 3) cyMMa OYKOB Ha BCeX KOCTAX He Goabine 4;
4) cymMMa OYKOB HA BcexX KocTAX paBHa 4; 5) cymMa
OYKOB HA BCeX KOCTAX paseEa 5; 6) cyMMa OUKOB Ha
BCeX KOCTHEX He Ooabmie 5; 7) mpomspeieHHEe OUKOB
paeHO 5; 8) npousseAeHNe QUKOB DABHO 3,

12./8] B noTepee «5 u3 36» Hy:HO HE KAPTOUKE C YHCIAMY
or 1 po 36 sauepxHYTR JwOsle 5 unces. IIpE possir-
peime cay4aiiHeiM of6pasom BeiGuparor & #s 36 BEIEDr-
DHITHKX HOMepoB., HalTh BepOoATHOCTE TOrO, UTO HI-
POK, 3AMOJHABIINI OXHY KapTouKy, yrazax: 1) Bce 5
BLIMIPDHINHBX 4YHKces; 2) poBHO 4 BRIMIPHIIIHBIX YHC-
na; 3) popHO 2 BBHIUTCPRINTHBIX Yucna; 4) pormo 3 Boi-
UPDRIOHEIYX YHCIA,

13.[8] B noTepee «6 m3 49» HYy:RHO Ha KAPTOUKe C UHUCIAMH
or 1 a0 49 savyepKHYTE a06mie 6 uncen, IIpn poawir-
peime caydalABIM o0pasoMm BheIGHpalor 6 us 49 BEIMD-
pHIIHBIX HoMepopB. HaiiTn BepOATHOCTE TOTQ, UTO HI-
POK, 3amOXHABINKE OAHY KAPTOYKY, yraaaa: 1) poBHO
5 umcea; 2) Bce 6 umcen; 3) popHO 3 uncaa; 4) PoBHO
4 ynpcxa.



§ 2. Cnoxenue seposTHOCTEIH

MpuMepsl C PELUSHUAMM

1. Ilo Mumeds CTPENdIOT ZBAMAL. BepoaTHOCTL MOpake-
HHA MHIOSHEN OPH OEpPBOM BhicTpene pasHa 0,9, a mpm BTO-
po — 0,8. BepOATHOCTL MOPAMEHHA MHIOGEHHE W IDH IIep-
BOM, H IIpH BTOPOM BHICTpeaax pasaa 0,72, Haditu BepodaT-
HOCTH TOrO, YTO MHIIEHE GyAeT MOpasKeHA XOTA Ohl OfHUM
BHICTPEJIOM.

Pemenne. IlycTe cobniTHe A — mopaKeHHe MHMIIeHH
OpH IEePBOM BBICTpeJe, coObTHe B — DopaKedHe MHIIeHH
npu sropom eBrcrpeae. o yeaosnw P{A)=0,9, P(B)=0,8,
P(AB)Y=0(,72. Tpebyerca HaiiTH BepoaTHOCTE CcOOLITHA
A+B. Ilo TeopeMe 0 BepOATHOCTH CYMMBI JABYX COGBITHIH
avMeeM P(A+ B)=P(A)+P(B)-P(AB)=0,9+0,8-0,72=0,98,

Oreer. 0,98,

2. B3 konoam kKaprT (36 JAHCTOB) HAYTAL H3BIEKAIOT
5 wapr. HaliTe BepOATHOCTL TOTO, UTO CPEAH HAX OKAMET-
c¢a xora Onl OAHH TY3.

Pemenne, Ilycths cobniTHe 4 — cpean MOBeUeHHHX M-
TM KAPT NpPHCYTCTBYeT XOoTA O oguH Tys. IlepBomadaibHO
HaitAeM BePOATHOCTE HNPOTHBOMONOMHOrO €My COORMTHA A —
cpeiH HNIBJeULPHHBIX NMATH KAPT HeT HH OAHOTO TYa3a.

Ynexo BeeX PABHOBOGMOXMKHEIX HCXOHOB HCIBITAHMS n=_0%,.
BaarompuarcreyiomuMn cobEITHIO A OyAyT H3BIeYeRHRIE
NATEpKHA KapT, BRIOpaHHRKEe U3 32 KapT, cpe;m KOTOPHIX HET

Ty30B. Ux umeno m=CS,. Toraa P(4)= , a 0 TeopeMe o

Cgs
BEPOATHOCTAX NPOTHBOIOJOMKHBMX COOLITHIHA
Caz _1_32-31.30.20.28 _, 899 _
17;&‘4) 1-PA)= c3, = 36-35-34-33.32 1683
~ 1683 "
784
OrBer. 1683 °

3ananua Ans CaMoOCTOATONLHOW paboTm

1.[5] ITo mMmmenu crpenaorT zBa pasa. CoBurrme A — moma-
JaHue 0 MHIOEHHW IpH IIepPBOM BRICTpede, colnlTHe B —
nomajanMe MO MHIIEHH IPH BTOPOM BHIcTpeae. Hafitn
BePOATHOCTU COORITHH € — MHAINCHL TOPRKEHA XOTH
6Ll OZHAM BLICTPeNOM, D — MumeHs He SyZeT mopaxke-
HA HH ONHHM M3 BHCTpenoB, ecau: 1) P(A)=0,9;
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P(B)=0,7; P(AB)=0,63; 2) P(A)=0,8; P(B)=0,6;
P(AB)=0,48.

2.5] s xonogm = 36 KapT HAYTaJ, BLIHAMAETCA OAHA Kap-
Ta. HaliTh BepogTHOCTE TOrO, uTO 3Ta Kapra: 1) ambo
ZaMa, Jubo KapTa 4YepPROBOM MacTd; 2) JHOO KapTra Tpe-
doroif macTu, nubo BaANeT.

3.6) HmesoTca asa HaGopa AOMMHO: KOCTAMKHN OZHOrO OKpa-
IIeHbl B HepHH# LBeT, a gpyroro — B Geawit. Bee xo-
CTAIDIKH HepeMeLIHBAIOTCA 4, He I'IAAA, Oeperca oaHA
u3 Hux, HaliTh BEpOATHOCTH TOrQ, YTO ITA KOCTALIKA:
1) anbo miobaa Oenana, Tubo UMeIOmMad CYMMY OYKOB,
paeayo 2; 2) aubo nwbasa uvepHasn, AHbO0 HMewIIAR
CYMMY OYKOB, PABHYIO 3.

4.[7] B xopobre memar 4 Beamx ¥ 6 KpacHEIX mapon. Ka-
KOBA BEPOATHOCTE TOrQ, UTO CPEAH TPEX CAYHAHBIM
ofpazoM BHIHYTHIX HIADOB OK&MKeTcH no xpafimedt mepe:
1) ognH Geanlii map; 2) oguH KpacHBI map?

5[7] B amuxe nemar 6 wepEmx u 8 Geanix mapos. Kaxopa
BEPOATHOCTE TOTO, UTO CPeXH YeTHIpeX caydaliiHBIM 06-
pPa30M BHIHYTHIX M3 ANJMKA IIAPDOB OKAYKeTCH II0 Kpai-
Helt Mepe: 1) ozuAH Seamil map; 2) OAHH uepHLIH map?

6./7] Hayran pni6upaerca: 1) yeTeipexaHauroe; 2) TpexsHAU-
Hoe 4Hca0. KaKoBa BepOoATHOCTR TOrO, UTO XOTs B ABe
ero mUGpPLH pasaAIEB?

§ 3. Ycnoenaa BepoaTHOCTS.
HezaBucumocThk coObiTnid

MpuMepbl ¢ pOLISHUAMN

1. B ypBe Haxonarcd b uepHbx H 3 Geanrx mapa. Jpax-
OBl HAYT&A BEIHEMMAIOT 0O OZHOMY INADY, He BOSBPAIAA HUX
ob6pato. HailtTm BeposgTHOCTE TOr0, 4YTO BTOPHIM H3BJAeYeH
Genplil ImAp OpH VCJIOBHH, YTO OEPBHIM H3BJeueH YJepHBLIH.

Pemenne. Beegem obosHageRns coObITHIT; A — epBRIM
BEIHYT uYepHEIH map; B — propsiM BLIHYT Genwlit map; AB —
MOCJHEACBATEILHO M3BJNEYeHEl YepRLIi#, sareM OGenkiil mmapbi;
B/A — BTOpHIM BHIHYT Oesblii map IpH yCAOBMH, YTO nep-
BbIM (pll M3BAEYEH YePHLIN,

I ¢cnoco@, Iocne sacryoaesna coburua A (aepsblm BBI-
HYT 4epHHit map) B ypHe ocranock 4 dYepHHX H 3 Gennix
mapa, HogaeneHuw BrophiM Geaoro mapa GJAaronpHATCTBYIOT
3 ncxoga (m=3) M3 ceMH BO3MOXHHX (n=7T), moaromy

P(B/A)=2 -2,
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Il cnmocod. P(A)= % (B YpHE NepBOHAYANBHO HAXOAHIIOCE

8 mapoB, cpeAn KOTOPHIX 5 uepHLix), CobGmrruie AB Gnaro-
TIPHATCTBYIT IIOABACHHA BCEX YIOPAAOMEHHRIX NAD «4YepHbIi
map, Gesnnt map»; COrVIACHO NPABMIY NPOM3BeAeHUA TAKMX
¥cxoaoB HcnoeiTaEua m=5-3=15. Becero nocnegoBaTeNBHO
HSRBRJEYb ABA ITApA H3 ypﬂm MoxkHO n=38-7=>56 cnocobamn.

Taxam ofipasom P(AB)——, TO3TOMY

PAB) _ 15,5 _ 38

P(B/A)= Pd) ~56°8- 7

OtTrer. %.

2. U3 ypuil, B KoTopoli HaxogarcAd 5 gepHBIX B 3 Geanrx

urapa, NOCHeROBATEARHO HAYIAI BRIHUMAIT JABA mIapa H:

1) o6a pasa BoaBpaiawoT Ux o6paTHO; 2) B YpHY HX He BOA-

BpaIianT, BHACHNTL, SBIAIOTCA JH HE3ABUCHMBIMH COOEI-

THA A — NepBLIM BHIHYT uYepHHIN miap H B — BTOPHM Bbi-
HyT Genriit map.

Pemenne. 1) P(4)= g (B)=§_, P(AB)=E— éi' .
Tax xak P(A)-P(B)-E-E———P(AB), T0 cobsiTaa A u B

He3aBUCHMBEE.
2) PA)= —‘r'-, P(AB)= :‘_Af =1—6 Tak KaKk B JAHHOM CIyuae
B=AB +AB a cobmrus AB n AB HECOBMEeCTHBIE, TO

P(B)=P(AB)+P(AB)= —+% 2.3

Tax kar P(A)- P(B)— i E = a * = 16 _ P(AB), To cobrTRE A
u B He asnawTcd Hesanncnmmmu.

3apannus Ang CamMoCTOATENbHOW paboTn

1[5] M3 xomoam xapT B 36 AHCTOB cAydYafiHEIM 05pA30M Ma-
BIEKAIOTCA MOCASNOBATENLHO ABe KADTH M O0OpATHO He
posppamaiorca. Haittu pepoarsocTs Tore, uro: 1) BTO-
poit OElJIa BRHEYTA KAPTA KPACHOH MACTH IPU YCJIOBHA,
yTro nepBoii OGHlna mectrepka Tped; 2) sropolt Hnlaa
BHIHYTA HAPTa vepHOll MACTHM HPH VCIOBHH, 4TO HEpP-
Boli oKaszanack gaMa Tped; 3) BTOpoit Omna BHIHYTA
Zama. OyGeil mpu ycnopuu, 4T0 mepBoOill oKA3AJACkE KAD-
Ta 4YepBOBOH MACTH; 4) BTOPHIM GRIN BBIKYT KODOJAb
BHHH IIPH YCIOBHH, 9TO NMEPBO# OKA3AJACE KAPTA Tpe-
doBoii macTu,

2.[5] Urpansaas KocTh GpocaeTcs ABaXKabl. BHIACHUTE, SBA-
I0TCA Y COOMTHA A M B He3aBHCUMEIMH, echu: 1) A —
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nepeuii pas seiano 4 ouxa, B — BTOpoit pa3 BHUIANO
YeTHOE YHCAO0 OYKOB: 2) A — NEepBBIil pas BIOATO
KpaTHOE TpeM YMCI0 OYKOB, B — Bhimano 6 ouKoOB.

3.[6] s mommoro maopa AOMMHO NOCAEAOBATEIBHO Hayraj
H3BJEK&IOTCA ABE KOCTAIMIKE M 00paTHO He BOSBpallia-
I0TCA. BEIACHNTL, HBAAKOTCA JM HE3ABHCHMBIMU COObL-
™a A U B, ecnu: 1) A — nepsuiit BrIRYT ny6an, B —
BTOPOll BEIHYTA KOCTHIDKA «¢ABA-TPpU»; 2) A — mnepeoit
BRIHYTA KOCTAMIKA <$IATH-IIECTh*, B — BTOpOIl BEIHYTA
KOCTAIIKA He Ay6iab, cofepimalias TPH OUKA,

4[6] Cpeau 100 noTepeitnmx Smmeros, sexaimux B Gapaba-
He, b BHIMrpumHEBIX. Bpar ¢ cectpoii cayuaiinrm obpa-
aoM BRIHMMAIOT E3 Oapalana mo ommomy Omnery. Haii-
TH BEpPOATHOCTE TOIO, uUTO: 1) cecrpe AOCTANCA BHIAT-
PRIMEBIHA Ouner, a OpaTy — HeBRIMTIDHINHLIN; 2) ofa
BBIHYJIM BHIUIDHIIIHEIE Ouaersl. (PemuTs sagauy ABYMA
¢nocoGamy, )

§ 4. BepoarHocTb npon3segenus
HEe3aBMCUMbIX COOBITVIH

fipumep c pewennem

CueTeMa CNelKeHHA COCTOHT M3 3 JOKATODPOB, KA M3
KOTOPHX MOMKeT 00HADYKHTH CAMOJET ¢ BepOATHOCTHH 0,9.
KakoBa BepoATHOCTH TOrO, 4TO CAMOJET, MOMABIIHI B 30HY
caexenns, Oyaer oSHapyxen?

Pemeunune. Hycre A, B u £ — coOrITHA, COCTOAILLHME B
O0HAPYIKEHUH CAMOJIETA KAKABIM H3 HMEIODUXCH Tpex Jo-
KaTopop cooTeeTcTEeHHO. Ilo ycaoruiw P(A)=P(B)=P(C)=
=0,9. Torga P(A) P(B) P(C)=1-0,9=0,1. H oyeTs co-
GHTne D — camoner ofHapysKeH.

I cnoco6. Coburue D umeer Buj D=ABC+ABC+ABC+

+ABC+ABC+ABC +ABC. Ouesnano, uto cobutus A, B, C,
A, B, C — HeaaBHCHUMBIE B COBOKYITHOCTH cobriTnna. Toraa

P(D)=P(A)P(B)P(C)+P(A)P(B)P(C)+P(A)P(B)P(C)+
+P(A)P(B)P(C)+P(A)P(B)P(C)+P(AYP(B)P(C)+
+P(A)P(B)P(C)=0,9°+3-0,1-0,92+3.0,12.0,9=0,729 +
+3.0,081+3-0,009=0,999,

IT cnoco6. CaMoseT 06HADYIKEH CHCTEMONH, ecau ero ob-
HAPYKHWJI XOTd O ofuH Jok&aTop (cobuitne D), IIporusono-

JOXKHBIM coOniTHeM Gyzer cobGmTHe ) — camojieT He o0HAa-
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py’keH HM OJHKM K3 JOKATOPOB, T. €. D=ABC. Tar KAK CcO-
OmTHA A B [} _He3aBHCHMEl B COBOKYIIHOCTH, TO P(D)—
—P(A) P(B) P(C) (0,1*=0,001. Torpa P(D)=1-P(D)=
=1-0,001=0,999,

OTreeT. 0,999,

3apaHns Ana camocToaTenbHOK paborTl

1.[4] M3 xomoasl KapT B 36 AMCTOB ABAMAR! CAYUAHHBIM 06-
pasoM H3IBJEKAIOT WO OAHON KApTe H KadKALIH pas Bos-
ppamaor o6parso. HaliTu pepoaTHOCTE TOrO, HUTO:

1) nepeofi BHIHYTA mIecTepKA Tped, a BTOpoii BHIHYTA
KApTA KpacHON MacTu; 2) meproil BRIHYTA Kapra OyG-
HOBOif MacTH, & BTOpOil BEIHYT YEePBOBBIA BAJIET.

2.[5] Bpomenst Tpn urpaneHerx kybuka. HaitTu BepoaTHOCTH
TOro, uTo: 1) Ha mepeoil KOocTH BHIIANOC 5 0OuKoB, HA
BTOpOt — 4YeTHOe UMC/I0 OUKOB, HA TpPeThel — He GOJb-
me 2 04KOB} 2) HAa DepBoii KOCTH BHIIANC YHUCIAO OUYKOR,
Kpatrroe 3, Ha BrOopoifi — 6 OuYKOB, Ha TpeThbell — He
MeHbIOe 5 OUKOB,

3.[6] BepoaTHoCTs mONAZAHAA B MAMENb: 1) nMepBuM cTpes-
koM pamsHa 0,9, sropem — 0,7; 2) mepERHM CTpeIKOM
paega 0,6, sroprm — 0,8, O6a crpeaxa He38BHCHMO
APYr OT APYra BEICTPEJHJH II0 MAMIEHH IO OAHOMY pa-
3y. Karora BeposTHOCTH TOTI'Q, UYTO MHIIEHL GVZeT IO-
paxena xora 6w oaHolt nyneii?

4.[7] BepoATHOCTs DOMARAHMSA IO MHILEHH KAMKILIM W3 Tpex
crpeakes passa: 1) 0,7; 2) 0,8. Bece Tpoe no ogaomMy
Pa3y HEIABHCHMO JAPYr OT APYTra CTPEJAKT OO0 MHIIeHH.
KakoBa BepoATHOCTEL TOI'O, YMTO B MHUINEHH OKAKETCH
xo7s 66 ofHA nDyna?

5.[7] HexTo yuacTByeT B Tpex JOTepesX, MOKymad [O OAHO-
My OmieTy B Kamzaoili Jotepee. B mepsoit motepee Ha
100 6mneToB pasHirpeiBaeTcd 2 Ipmaa, BO BTOPOH noTe-
pee Ha 200 Sunerop — 1 mpua, B TpeTheil JoTepee Ha
250 O6mmeroB — 6 npusor. Kakoma BepoaATHOCTEL TOrO,
10 KynHBImA# Guaerm: 1) BRIArpaeT OpPHS TOABKO BQ
BTOPOH JioTepee; 2) BRIMIpACT NPRILL B MEPBOH H TPETh-
el JoTepedx, a BO BTOPOH He BHIHrpaer?

6.7] Crpesox genaeT TpM BEicTPeJa mo MAMeEW. Bepost-
HOCTE NOPA3KTh MUITEHBE NPH MOGOM BLHICTPENE Y 3TOr0
crpeaka pasHa 0,95. HaliTu BepoATHOCTH TOro, 4TO MHI-
mwieHb OyZeT mopaxieHa: 1) BTOPEIM M TPETEUM BHRICTpE-
aaMu; 2) TOABKO TPETHUM BEICTPEIOM.
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§ 5. ®opmyna Bepuynnu

Mpumep c pewieHnem

HArpansHeiit kyong Gpocalor 4 paza. KAKOBa BEPOATHOCTEH
TOrQ, YT0 UATH OMKOB NOABATCA He fojiee ABYX paa?

Pemenne. BepodATHOCT, NOABJEHNS NATH OYKOB B Of-
HOM WCOBITAHUW DABHA %. B cepun H3 yeThIpeX MCHBITAHHI
TpebyeTcd HaAfITH BepOATHOCTDL cOOHTHA D — moaBiaeHus na-
TH O4YKOB He Gonee aByx pas. Cobmrrme D cocTouT B cyMMme
TpeX HECOBMECTHBIX COOBITHIt: A — 5 OYKOB He NMOABHANCH
HH pasy, B — 5 ouKkoB noaBMAMCH OJHH pas H C — 5 0UKOB
NOABHAMCE OBa pasa. Henoaksya dopmyay Beprynan, waii-

AeM BepOATHOCTL coOmiTuAa D
P(DYy=P(A)L+P(BY+P(C)=
=ci(3)(1-5) " +ei(5) (1-3) " rar(F)(1-8) -
(3) 4 3-(3 so-(3)-(3)'-
625 500 150 _ 1275 _ 435

= 1296 + 1294 + 1206 1296 432"

3anaHna ANA CamMOCTOATENLHOW paboTel

1[5] Mouery Gpocaior 6 paz. HaffiTu BepoATHOCTE TOTO, 4TO
OopeJl MOABWJICA IMPH STOM POBHO:

1) 2 paza; 2) 3 pasa; 3) 5 pas; 4) 4 pasa.

2.[6] Hrpaspasiil kKy6ux Gpocator 6 pas. HaliTH BepoATHOCTE
TOro, 49T0 8 OYKA NPH 9TOM HCABATCA POBHO:
1) 3 pasa; 2) 2 pa3sa.

3.[6] Urpantueiit xy6mkx Gpocalor 5 pas. Kaxoea BeposaT-

HOCTH TOTO, WUTO OAHC OYKO B ITOH CepPHH HCHBITAHHI
HOABHTCA:

1) #e MeHee 2 pas; 2) me Gomee 3 pas?

4.[6) BepoATHOCTE MONAAAHUA IO MHUIIEHH OPW KAXKAOM BHI-
¢Tpesie HEKOTOPHIM cTpeakoMm pasHa 0,9. Haditu sepo-
ATHOCTE NONATAHUA N0 MHINEHH B CEPHHE H3 CeMH BEI-
CTPEJNOB 9THM CTPEAKOM;

1) no kpaiineii mepe 2 pasa;
2) mo rpaitielr mepe 1 pas.
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Kontponbuas pabora

10

2.

Bpouwiern aBe ErpajdbEHEe KocTH. HafiTm BepoATHOCTE
TOTO, ¥UTO HA o00eHX KOCTAX NOABHIHCH OJHHAKOBLIE
9eTHLIE OUKM [0AMHAKOBLIE OUKH, KPATHEIE Tpem].

Bpoizenel Tpu ArpaasHble KocTH, HafiTh BepoaTHOCTE TO-
I'0, UYT0 X0TH OBl HA 0aHOH KOCTH NMOABHTCA YHCJIAO OYKOB,
KPATHO® TPeM [UeTHOEe UMCAO OYKOB].

B ypae naxogarca 5 Gexwmix m 6 yepEmX maposB. M3 mee
NOCJHECAOBATENLHO M3BJEKAIOT 2 IIApA H He BO3BPAIIAIOT
obpaTHo. HaliTH BepoATHOCTE TOrC, ITO BTOPEIM H3IBJAE-
yeH Gennlit map, ecaOM U3BECTHO, UTO MEPBRIM TAKKe OBLI
u3BAeYeH Qenwlit mHap [BTOpPBIM HIBJIeUeH YePHHIH IHAp
IpH YCAOBUH, UTO TNEpBHM ORI H3BJIeueH Oejawntit map].

50

B ypre maxoaatTca 12 mapos. HseecTHo, uro 8 nz BUX cge-
JaHBL A3 MeAH, a 4 — u3 crasn. [Ipn sToM cayualfiHbpiM 06-
pasoM 3 U3 HEX OKPACHJN B Oennlil nBeT, 2 H3 OCTABIIKX-
¢l — B KpACHEIH, a ocTaabHEEe — B uepHBII. Kaxoea Be-
pOATHOCTE TOTC, YTO HAYraJ BEHYTHHN Oiap oRAKeTcA
MeAHBIM, HO HE KPACHBIM OIADOM [CTAJlbLHEIM, HO He uep-
HBIM mIapoM]?

BepoaTHOCTE NONAKAHUSA CTPEJKOM IO MHHIEHH IIPH KaM-
JAOM BEICTDeJIeé PABHA —‘;» [0,7]. KaxoBa BepOATHOCTL TOTO,

UTC B cepHA H3 Tpex [UeThIpex] BEICTpeNOB MHIICHE GygeT
OOpaKeHa He MeHee UeM AByMS OyJiaMu?



V|| KoMmoieKkcHBIe UHCJIA

§ 1. Onpenenenne KomnnexcHbix Yucen.
CnoXeHue N YMHOXEHNE KOMMIEKCHbIX
Yucen

Mpumepsbl ¢ peweHUusIMMU

1. CopaBeanuBo JH PABEHCTBO
1+ +(1-i)6=07
Pemenune. BpedeHne omepalHH YMHOMEHHA KOMILIEKC-
HEIX WMHCEN II03BOAAeT BRIMONHATE B ONEpalHi0 BOZBeJeHHA
KOMILTEKCHOT'O YHCIA B HATYPANLHYIO CTeIeHb 1 =2,
CroiicTBA cTeneHell ¢ HATYPANLHLIMH DOKASATENSMH CO-
XPAHAIOTCA W AJA KOMNOJeKCHHX unced. [IlosToMy, MCIIONB-
3yd CEOHMCTEO BO3BENeHUSA CTelleHW B CTeNneHh, MMeeM
A+ =((1+i%°
A-if=((1-i)%°.
pumenum GopMyIYy KEAAPATA ABYUNEHA, YTO BO3SMOMHO,
NOCKOABKY YMHOMKEHHEe KOMIUIEKCHBIX HHCeJ MOMCHC BHEIINOJ-
HATH OC IPABMIAM AeHCTBHE ¢ MHOTOWICHAMH, H VYTEM, UTO
j2 = 1 .
Samuurem

(1+iP=1+2i+i2=1+2i-1=2i,
(1-i*=1-2i+i2=1-2i—-1=-2i.

Hrak,
(1+i)¥=(2i)*=8.i=8-i%.i=-8i,
(1-0)f=(-20)°<=-8-i<-8-i*-i=8i,
CaenoBaTenabHO,

(1+i¥+(1-i)f=—8i+8i=0.

Oreer. PareHCTEBO COpABEAJIMEBO.

2, ITpyr KakuX AelfiCTBUTEJBHBIX 3HAYEHUAX X KOMONCKCHOES
YHCJIO

2=2x+4i+x%2(1-1i)
Oyaer 4uCTO MHHMEIM 4uciaom?
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Pemenne. Yacno z=a + bi Gyaer ABAATHCA YHUCTO MHH-
MbIM, ecom @=0 npm ycaosmH, uro b=0. B JaEHOM ciayuae
2=2x+4i+x2(1-)=(2x+22)+ (4 -x2)i, e 2x+x% — peii-
CTBUTENRHAA YACTE, & 4—x? — MuuMada. [losromy 2Zx+ x%=0
npH ycaoBEH, uTo 4~x2z0, oTKyAa 2x+x:=x(2+x) m
x(2+x)=0, ur0o BOo3MOxKEHO npH x=0 U x=-2, IIpu x=0
yenopue 4 —x2%0 BLIIOAHAETCA, A MPH X=—2 HeT, TAK KaK
x=-2 gBAfeTcA OAHMM H3 KOpHell yparHeHma 4-x2=0.
CregorRaTeibHO, THCAO Z UHCTO MHAMOE TOJBKO IpH x=0.

Oreer. IIpa x=0.

JapnaHMa Ana CaMmoCTOATeNnbHOK paboTtbl

1.[5] CrnpaBegJuEO JU PAEEHCTBO:
1) 4+(1+i)2=0;
2) (1-iy'+4=0;
3) 16-(1+i)F=0;
4) (1-i)*-16=0;
5) (1+D9%+4-.(2i)*=0;
6) 0,5i- (2D -(1-)0=0?
2.[5] Haittu ae#icTBHTeNBHEE 3HAYEHHA X, NPA KOTOPHIX
KOMIIJICKCHOE YHCAO 2 UUCTO MHHMMOR, eCJIM;
1) 2=9-38xi-x*+ x%;
2) 2=56x—-x% + x%;
3) z2=x2-3xi+x%-9;
4). 2=25i—5x2+ x® — x2i;
5) z=x*-xi+1—x2%;
6) 2=8-4i+ 2%+ %,
3. Ilpm xakuX ReHCTBHTENBHBIX 3HAYCHHAX X M Y BREIOOI-
HAeTCA PABEHCTBO:
(6] 1) 3(x+iy)=19+61+5y—4xi;
(B 2) T(y—xi)=17+2i- 2x +4yi;
3) (x-iy)(2+3i)=1-5i;
[6] 4) (3-2i)(x+iy)=1-5i;
5) (2x~51)(x—-6i)=2+ 1Ty
6) B-yiX(7+2yi)=29+2x%7?

B
4[6] Nyers 2=- % + % i. BHYHCIUTE:

1) (1+2)(1+2%); 2) 2-2)(2-27);
3) (2+32)(2+3822) 4) (3-22)(8-222%);
5) 22(8z+ 1)(2 + 3); 8) 22(3z2-1)(83-2).
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§ 2. KomnnexcHo conpaxeHHsie Yyucna.
Moaynb KOMNAEKCHOro Yucna.
Onepaunn BbINUTAHUA U AENEHUN

NpuMepn ¢ peWeHUAMN

1. JIOK&S&TB, 9ITO YHCIO, COIpAX{eHHOe ¢ MTPON3BeJeHNeM
ABYX HKOMIIJMIEKCHBIX 4YHCeJ, PABHC NPOH3BEA€HNUIG YHCed, CO-
OpAXMXEeHHBIX ¢ KA IOBIM A3 MHO?RHTB.TI&ﬁ, T. €. BEpDHO pABEH-

CTERO

2,-2,=2," 2,.
Pemeunne. Ilycre 2,=a+bi, 2,=c¢+di. Toraa
2z, =a—-bi, z,me—di, 2,-2,=(ac-bd)+(ad +bc)i,
__ z-zZy=(ac-bd)—(ad +bc)i,
2, 29=(a~bi)-(c—-di)=(ac-bd)—adi—beci=
=(ac—-bd)—-(ad + bc)i.
TakuM o6pasoM, CNIpPaBelJIABC PABEHCTBO
21'22=;1_“3_29
H3 KOTOPOTO MOXHO NOAYYHMTE BaXHBIEe CIENCTEHA.
1} Ecau 2,=2,=2, TO

22=(2),
2=7z%.z2=22.7=(Z) - 7=(3)},
21=(2), ..., 2"=(Z)".
2) Ecan z; u 2, He PaBHLIe HYJII0 KOMIUIEKCHBIE HHCIA,
TO
|31'32|=|21|‘E22|'
n|_lal
22| |aa|”
Joxasarenscrso. B nyakre 2 (§ 2) yueOHHUKRA AOKa-
3BIBRJOCH, YTO 2-2=|2|%. 3Hauur,
(21 29)- (21 - 22) =12, - 2,2

Tar KaK 2, - 2,=2, - 2, ! ONEPATNY YMHOXEHHA KOMILIEKC:
HBIX 4YHcel 00MafAI0T NEPEeMEeCTHTENbHLMH H COYEeTATENbHBI-
MH CBOHCTBAMH, KAX M COOTBETCTBYKI[HE OIepalud ¢

ZeMCTBUTENbHBIMH YHCIAMM, TO .

(21-25) (21 22) =21 23 2y 2,= (21 21) (25~ 2) = 2%+ | 2,
T. €. |2y 2,12=]2,|% 12,12 Ilocxoasry |2,/>0 u {2;(>0 (mo
YCJIOBRIO), TO

(21 2gl=]2,] |2,
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JacTHO® KOMILIEKCHBIX UMCEN 2, M 2, HAXOAMTCA 1O Gop-

Myae :—: -ﬁ (§ 2 yuebEUKA). Tak KaK |2;|2 — uneno geit-
2

CTBHTEARHOS, TO B OTOM PABOHCTBE MHONHTeNh ——7 HOIO-
2
HHATEMLHBIH, N02TOMY 2
zl 1 1 ' - 1 |zl|
-—=—-zloz2i= -|Z|-|ZI=——-|Z|-|Z I=—-—.
23] |z 2212 0 g TR g

8) NlycTp 2;=z,=2. Toraa us BLIe ZOKA3AHHOTO PABEH-
€TBa |2, 2,|=|2,| -rzzl HONYYHM

lz-zl=|2|-]2|, |2%=[z]2%
VBennuHBAS UHCA0 MHOKHTeJel, IoAyYHM
18| =12 2|=12®| - |2l =]2 2| 2]={2|%, | 2| =| 2% 2] =| 2%] - | 2| =| 2|3+ | 2| =| 2[4
H T. I.

B peayarTaTe MOXKHO COeJIATh BEIBOZ, YTO NJA Jroboro Ha-
TYPAJBLHOTO 71 BEPHO DABEHCTBO

|z"|=1z|".
2. NoxasaTe, UTo AnA AelCTRHTeARHHX uncen ¢, b, cu d
BEpPHO PaBEHCTBO

a+bt=(c2+d?e,
ecJIn
a+bi=(c-di). 1)

Pemenue. Ecin Apa KOMOIEKCHBEIX YHCHA PABHE MeX-
ay coboit, To coOnpakeNHLIe UM uucaa SyayT pasHEMEK. Ilo-
3TOMY H3 PABEHCTBA

@+ bi =(c—di)®
cneayeT, 4To
a-bi=(c-di)t.

Henonssya neppoe CIeACTBHE U3 PACCMOTPEHHOrO BHIIE NPH-
Mepa 1, nmoayuum

(¢ - di)’= (¢ —di)’=(c + di)°,

a—bi=(c+di)s. (2)

IlepeMHOKHM CONPAMEHHBIE UHCJAA, HCIOJAB3YA PABEHCT-
Ba (1) u (2

{a +bi)(a—bi)=(c—-di)®- (c +di)®,
a?+ b2 =((c - di)(c +di))e = (c2 + d?)",
4yTo H TpeSoBAIOCh AOKASATE.
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3apaHus AN CaMOCTOATENbHOK paboTbl

1.[4] Jorasars, 4To ANA AeRCTBUTENEBHEIX uHcen a, b, cm d
BHIIONHAETCH PABEHCTBO:

1) a2+ b2 =(c?+d??, ecam a+ bi=(c+di)%

2) a?+b%=(c? +d?)?, ecan a—bi={c-di)%;

3) a2+ b2=(c? +d?)?, ecan a+bi=(c+di)’;

4) a?+b2=(c? +d?)*, ecam a—bi=(c-di)%;

5) a?+b°=(c?+d?)*, ecau a—bi=(c-di);

6) a®+b?=(c2+d?*, ecnu a+bi=(c+di)'.
2.[4] BuinosruTh ZeiicTBHA:

1 2+i_ 5 . ) 3 i 5 .
2-f 3-4i’ B+i 4+3i°
5-1Ti 2+31, 945 , 3-7i,

3) 7+5: 3-2i° 4) 5—91+'7+3i’
1+3} 2, $-2y3_ 2

553+ o (FE) o

3.[5] BH"!HCJIHTB.
4-3i |, 4+3i |,

1) 3+4i |’ 2) 3-4;|

3) 2\§+3ngl; 4y [818+5138 |,
3\2-2i:\3 5\3-3i\5

35— \® 6— 8
5) (—‘5’;‘_) 3 6) (—"“;‘_) :
1-iv\5 1+i\6

4[6] Haiitn mponspefieHue ABYX CONPAMKEHHBIX YHCEJ, €CJH
OJHC H3 HAX PABHO JIHAYSHWIO CJAAVIOIIEr0 BRIPAMKEHUA:

V731, \3+ir2, N2y 3.
=3 2 3) (2+i2+ =5
) B+inT ) \2-1\3 ) @44
4) 2-i-7: B (3-0% 6) (3+1)%.

5]7] Mpa Kakux AefcTBUTEJBHBIX SHAYCHHAX X M y KOMII-
ACKCHBIE YHUCHA 2, U Z2; ABAANTCA CONPAMKEHHLIMH, €CIH;

1) z,=58xy—3x%i+4i; z,="T+ 2x%;
2) 2, =y?—8Bxyi; 2,=9+8xi-17i;

3) 2,=5-x¥-xyi; 2,=(2x)>—(y-5)i;
4) 2, =5-xy—(3x)i; z,my—1+9i;
5) z,=xy + 2i— yi; z,=0x-y¥i;

6) z,=x2—xyi; z,=x+2-yi?
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6.[7] HaliTi MOZYXb KOMIJIEKCHOTO WHCJAS 2, eCHm:

sin0,1n+icos0,1x , .8 -isinQ,3n ,
1) z= s-tst;:os lx, 2) z= co30 38+681 OSn’
3) z= (4-31)° . 4) z= (6+8i)° :
(8in0,2n +icos0,2x)° (cos 0,4x — i 5in 0,4x)*
5) 2= (sin0.7n+1_sin 0.2n )5; 8) 2= (coaO,Brr—icoso,Sn )8.
i-v2 iV2+1
7J8] PemuTt ypapreHue:
1) |z|+2iz=9; 2) |z|+ 2iz="06;
3) ilz|+2=8+i; 4) |z|+iz=5+4i;
5) zIz|=3~4i; 6) zj2|=3+44.

§ 3. reomerpuueckas uHTepnpeTauma
KOMNAGKCHOrO 4MCNa

Mpumep ¢ peleHNaIMMN

1. JoxkazaTs, UTO Op¥ MAIOOLIX ZelCTBHTEJIBRHBIX 3IHAUEe-
HAAX @ U b, He paABHEIX OXHOBEPEMEHHO HYJ/IO, YHCIO
& -
z=(:1‘—;’:) B KOMILIEKCHOH MJIOCKOCTH HAXOAMTCA HA OKPY-
HOCTH ¢ LEHTPOM B HAUAJE¢ KOODAVHAT U PAAMYCOM, DABHBIM 1.
Pemenne. ToOUKH OKPYHHOCTA ¢ HEHTPOM B Hadale KO-
OPAHHAT HAXOAATCH HA OAHHAKOBOM OT HEro DACCTOAHMH,
PABHOM paguycy, Korophiii pasen |z|. Haifimem |2|, Hcnmonn-
3y MOJYIeHHEIe OpH pelmeHuy npumepa 1 uz § 2 dopmy-
5=(|a+bil)5=

JEL:
a+bi\b a+bi
(b—a!) = (b—a!) [b—ail
_{ _Va2+p® §=(Va2+b3 )5=(1)u= 1.
Vo2 +(—a)® Va2 + b2

PapeHCTEO |2|=1 3ajjaeT HAa KOMILIEKCHOH NJOCKOCTH e5U-
HAYHYI) OKPYXHOCTE ¢ IeHTPOM B Hauanme KOODAHHAT.

2. Cpegy 4YHCeN 2, YAOBIETROPHOLIHX DABCHCTBY

|E|=|z+ ﬁ » HAUTU YMCI0 ¢ HAMMEHBIUMM MOAYJEM.

lz]=

4 __ 4(1-i) _ 4Q-9y _ i} =9
Pemenne,. T+ i Ahap - 2 =2(1-i)=2-2i,

Iocroasry (Z|=|z|, paBeHcTBO, AAHHOE B YCJIOBHH, TpH-
MeT BHA |z|=|2+2-2i| uau [z2-0]=|2—-(-2 +2i)I.
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3HaueHHE BRIpaXKenud (2—0| — aTo paceTosgHue OT TOUKH 2
Ha KOOPAHMHATHO# NJIOCKOCTH A0 HAYaja KOOpPAWHAT, &
[2=(~-2+2i)] — paccTosEme OT 3TOH Ke TOUKHM A0 YHCTA
—2+ 2i, 9TH PACCTOAHAA MOTYT OBITH PABHEIMM JUINEL B TOM
cAydae, KOTga TOYKA 2 NMPHHAANCKHT CepelHHHOMY NepIoeH-
AMKYIAPY K OTpe3Ky ¢ KoHIaMu B Tourax O(0; 0) u A(-2; 2).
Cepepuna 9TOro orpesxka Haxoaurcda B Touke C(-1; 1). Io-
CHOJNBKY 0Tpe3oK UA nepneHIHKYIAPEH K CBOCMY CependH-
HOMY NepHeHAUKYJIAPY, AJAHHAa orpesxa OC OyaeT HAMMEHb-
mweil cpefm ANWMH OTpeakos OZ, rae Z — TOYKA 3TOTO cepe-
AMHHOPO NEPHeHAUKYAApa. LIOCKOABKY MOAYABR 4YUCIs 2
PABEH PACCTOAHHIO HA KOMILIEKCHOH IIOCKOCTH OT TOUKH Z
AC HAYAJNA KOOPJAHHAT, TO HAHMEHLIIEE CEOE 3HAUEHME OH
OpUMeT, Korga Touka Z copmajaer ¢ toukoit C(-1; 1), 1. e.
OyzeT COOTBETCYBOBATE 4McAy 2=-—1+i (puc. 19).

3. Uaobpasure Ha KoMOAeKCHOR MIJAOCKOCTH MHOMKECTBO

uyyceJq z, AJA KOTOPHX BHIONOAHAETCHA YCIOBHE |Z—ﬁ|€ VIE.

/] |

ry

bo
|
[
o
Ry

Puc. 19 Puc. 20

Cpean »Tux uwmcen HaliTH UMCHO ¢ HAMMEHLIHMM MOAYJEM H
YHCNO ¢ HAHOOABMKEM MOAVJIEM.
6 _ 6:(1+) _6(+i) _ N .
Pemenne. 11 =T pa+D 7 3(1+i)=3+3i.
Ycaosue npumer Buj _
lz2=(8+3D)|< V2,

MHoOXKeCTBO TAKMX UHCeA 2 Hi KOMIJIEKCHOH IJICCKOCTH
IpeACTABIAET cof0lt MHOMECTBO TOYEK, PACIOJOMEHHEIX HA
H BHYTPH OKPYKHOCTH pajHyca V2 ¢ neHTpoM B Touke C(3; 3),
9T¢ COOTBETCTBYeT uHMcAy 3+ 8i; ApDYrHMH CJAOBEMH — 3TO
xpyr (puc. 20).
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IIpoBenem ny4 u3 Hauana koopAuHAT O Uepe3 IeHTP OK-
pyxaocTa C, OH IepeceueT OKPYXHOCTE B TOUKax A u B,
Jlyu OC 6yner ABAATECA GHCCEKTPHCOM NMepPBOT0 KOODAMHAT-
HOrO yrja NJOCKOCTH, TAK KAK KOoOpIHHATE meHtpa C(3; 3),
a aHaguT, |OM|=|CM|=8, LOMC=90°, AOMC — npamo-
YrOABHEH 1 paBHODeapeHHEIN, U moaTomy LCOM =45°. Jo-
NOJHMTENRHO MOCTPOMM NPAMOYIOJABLHHE TPEYIOJABHHAKH
AKC u CDB (¢m, puc. 20). Onm Toxe pasHOSeIpeHHEe, TAK

Kak LCAK=45°u L BCD=45° IIocKoABKY [AC|=ICB|=\/§,
IAKI—IACI cos45°=12. \'2 =1 u |CD|=|BC| -cosd4H°=
=V2. —-1 a TAKXKe ICK!—I u |BD|=1,

OTcxona JePKO HAHTH KOODAMHATH TOYeK A H B:
{OL|=|0OM|~|LM|=|OM|-|AK|=3-1=2;
|AL|=2; |ON|=|OM|+|MN|=|0OM|+|CD|=3+1=4;
|BN|=4

Hrak, (2; 2) — KOOpAHHATH TOYKH A, UTO COOTBETCTEYeT
gyueny 2,=2+2i, a (4; 4) — xoopauHATH TOuKH B, 4To co-
OTBETCTBYET YHCAY 2Z,=4+4i, Yncao z, Oymer uMeTs Hau-
MeHBLIINH M3 BO3MOMHEIX MOZyJeH, a YHCAO 2, — HAUOOJIb-
mH#, IOCKOALKY MOLYVAL YHCJA PABCH PACCTOAHKIO OT TOY-
KU, COOTBETCTRYIOIEH JAHHOMY YHCIY HA KOOPAHHATHOL
OIOCKOCTH, A0 HAYAJKA KOODAHMHAT. B 3TOM MOMHO Haraajn-
HO yO0eAWTLCH, €CHH [IPOBECTH ¢ IEeHTPOM B HAYale KOOPAU-
HAT hBe KOHIEHTPHYICCKEE OKPYKHOCTH: OZHY, HPOXOASA-
myIe uepes TOUKY A, Apyryn — uepesd ToYky B. Bee Toukwu,
Jexanie BHYTPH KoAkLA, 00paseBAHHQOTO STHMH KOHIEHT-
PHYECKEMH OKPY;XKHOCTAMH, OVAYT HAXOAUTECH OT HAYANA
KOODAHHAT Ha PACCTOAHHH, GOABIIEM HUJAM PABHOM, YeM
{OA|, u MenbIIeM HMAH paBHOM, ueMm |OB|. IToecTpoennwiit Ha-
ME Kpyr ¢ menrpom C u paamycom V2 (V2=|CA|=|CB|) 6y-
AeT PacIIOJIOKeH BHYTPH 39TOr0 KOJbBILA.

Hrak, HauMeHLMNWHA MOAYIL UMeeT HHCIAO 2, =2+ 2i, a HaHU-
Sonpmuii — uncnao z;=4+4i,

3ananna Ana CaMoCTONTENbHOW paboTh

1.[4] OrvMeTuTe B2 KOMNIAeKCHOR NJIOCKOCTH TOUKH A, B, O,
COOTEETCTBYIOIINE YUMCAAM 2,, 2, ¥ HYJXN. OnpeaeanTtes
BNAAHB CTODOH TpeyroxbHura ABO, ecan:

1) 2,=3+4i, 2,=2,;
2) 21=4+31, 22=§1;
3) zl-—3+4i| 22=_El;
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4) 21—""4""31:, 22=—§1;

5) z,=-3~4i, 22_3}
1

8) 2,=—4-3i, z,=22,
Z

2.(5] M306pasuTh HE KOMIUIEKCHON MIOCKOCTH MHOMKECTBO

TOUYEK 2, €CJH BHIOJBAETCA YCJIOBHE:
1) [z-83+ 21| 2; 2) 1z+1-2il<1;
3) |2-8il=2; 4) |2-3]22;

8) 1<|z-2|<2; 6) 1<jz+1|<3.

3.[6] HokasaTh, 4T0 B KOMIUIEKCHOH IIJIOCKOCTH YHCHO 2 Je-

RHT HA OKPYAKHOCTH eAWHHYHOrO paJiHyca ¢ HEHTPOM B
Havuage KOODAHHAT, €CIAH!

3 2:\2 5 3;\2
1) z=(2\§+3\gx) . 2) z=(3\§+5\§;) :
312-2\3; 513-3\5i

3§ 3 3

- —f — i

3) z——~(—‘—-5f); 4)z=(‘ ;E),
1+13¢ 3-\2i

3 4= 3 &
5) iz=( AB+E ); 6) zz—(gg 1 )
1- \51 v4+\ 51

|

4.[7] HaittTu uneno ¢ sanMeHbIIMM MOAYIeM CpeZH 4HCen 2z,

YOOBIAETBOPDAIDIIIHNX pPaBReHCTRY:
1) lzl=|z +4il;

2) |z-6il=|z|;

8) [2-2-2i|=|z|;

4) [z]=|z+4+4il;

5) lz-1-il=lz2+8+38il;

6) |z4+2~2i|=lz—-4+4i|.

5]7] Cpenn umcen 2z, yaOBAETBOPAIIEX JAHHOMY YCJIOBHIO,
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HAWTH 4YMCAa ¢ HAMMEHLIUHM U ¢ Hanbonpurum Mozy-
aeM. ChoesarTn DHCYHOK.

1) |2-bi<[4+3il;
2) |z+5(|<13-4il;

3) |z+%[<|o,6—0,8n:

4) |z—-?—|€|0,8+0,61|;
O

5) |2—5lt€ ?1_—,

3
6) |2+ 3il< %.



6.8] PemnTs cucremy ypapHeHuil:

1 {lz:2|=lz+2i|, 2) {!zt21=|z—2i|,
2-Z=8; 2-z=18;
(12211 _4 (12420
3) {lz-21 7 4) {lz+2i 7
(z—3)(§—3)=9; (4+z)(4+3)=16;
2 - 2, 101
5)‘22 (2+i)¥+ 1 41 6)122 (5- t)+l Tor’
|1 Z]=l2—2il; {iZ]=|2 +8|.

§ 4. TpuroHomerpuueckas dopma
KOMMAEGKCHOr0o YUena

NpuMepbl ¢ PELIOHUEMU

1, IoxasaTh, 4UTO AAA 3aNUCH B TPHTOHOMETPHUYeCKOI
tdbopme ymena z, CONpAMXEHHOrO € 2, AOCTATOYHO B TPHUIOHO-
MeTpHUYecKo# dopMe 3amncH KOMOJEKCHOTO YHCIA 2 H3Me-
HYTH 3HAK €r0 APTYMeHTA Ha MPOTHBOHOJOMEHEIN.

Pemenne, Ilyers uacno 2=a - bi B TPHronoMeTpHUISCKOH
dopme sanmcano caezyioujmm ofpasom: z=r(cos@+ising),

rae r=|z|=Va®+b?, a=rcosy, b=rsing. Ilo onpegerenuo
z=gq-bi, HMeem Z=rcoso-{(rsing)i=r(cogap—iging)=
=r{cos(—@}+isin(-9)), raxk Kar cos(—@)=cosgp, a sin(—¢)=
=—8in¢ no ceoficTRAM YeTHOCTH GYHKIHHM XOCHHYC H HedeT-
HOocTM OQYHKOMM CHHyC coorbercTBenHo. Kpome Toro,
|Z|=|z|=2. 3unaanr, paseHcTBO zZ=r(cos(—¢)+isin(-o))
npeacTapiasger cofoll TpuroHOMerpH4ecKyto dopmy sammcu
yueaa 2, uTO H TpeGoBalock NOKASATE.

2. Hatttu TpuromoMeTpHYeckyld QOPMY KOMIICKCHOTO MHC-
aa iz-i;g%1:-s‘1n(%—cr.)+2izain2—3ﬂ sm(% —u.) U TpHroHO-
MeTPpMUYeCKYI0 $OpMY CONPAKEHHOrC ¢ HUM YHCAR 2,

Pemeune. CormacHo ompejefeHHIO TPHUIOHOMETPHIEC-
Kol GopMEl KOMIOJMEKCHOrO YHCHA ero Tpebyerca 3anucaTs B
caexymomem Bage: z=|[z|-(cosp+ising). B Hauane, ucnonan-
3y POopMYIBl NPHBEAEHUSE, BHIUHCAIHM:

tg-g—:t=tg(2:t—%)=tg(—%)=—tg%=—\/§,

s S s —EY _ qi
sln 3 =81n (TI 3) 81n
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Hrak, z= tg T- sm(E-—a)+2:sm sin( 6“ )—

——V3sm(§--a)+2i ( a)
==\f'3(— sin(% -cx) +isin(— —u))
Henoabayd TPHTOHOMeTPHYEeCKHe TOMKAECTBA — 8in o =sin (- o)
M sino =cos (% —(1), MMeeM

]

—s1n(§—a)—s1n(——+a) cos(% ( % ))
~cos( 5+ E—a)—cos(%"-—a)
B pesynsTare moayuyaeMm
z= \«"g(cos(% - oc) +1 sin(% —a)). *)

IIyere o= % —0, TOrma zZ= V§(cos @ +ising), npuvlem

|z|=\,-f§. 8HauuTt, paBencTBe (*) mpeicraBaseTr cobol zammch
YJACKA 2 B TPHIOHOMETpHIecKol dopme.
Ilo ompefeneHHI0 UHCJAA, CONPAMKEHHOTO YACAY 2, HMEeeM

Z= \/E(cos (5—: - u.) isin(% —a))
Hcenonraya ToxaecTea coso=cos(— o) H —sina=sgin(—a),
naxygaeMm

Ez\fﬁ(cos(a— %")+isin(a—-§ﬁ£)), (**%)
yro npeacrasjiser cofoli sanmuck 9Hesa 7 B TPHrOHOMETDH-
yeckoit dopMme, rge |Z|= V3, a aApryMeHT paBeH a—-%“. 3aMme-

THM, YTO PABEHCTBC (*¥) MOMHO OBLIO DOJYYIHTH N3 PABCH-
crea (%), HCIOABSYA YyTBep:KLeHHe npumepa 1. 3amumem
OTBET K 3afade 2:

z=\/§(cos(%-—a)+isin(5—“—a))

6
En\.f"§(cos(a—5—“)+min(a—%)).
3. Horasares, 94TO ecau z=sin%nsina+icos%“ COSC, TO

zZ= -f; opH nob6oM AcHcTBUTENBRHOM 3HAYEHUH O

Pemerue. B Hauane, Henmoassyda GOPMYAR NpUBENEeHHA,
BRIMHCIIUM:

in Lo — i ——ginf=_1
s1n61t—31n(1t+6) smﬁ 2,

2n Ty _ E__1
008;—008(10:—5)— (3083— R
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CnenoBaTesHo, 2—— lsina— % icosa.

2
_ _ 2
Ilockonerky CHpaBeAANBO PABEHCTRO 2-2=|z|%, TO z=l—’z'—.
Hafigem |z|%:
1 1 1

2_(_1gs 2 (__ )3=_ 1.2 1 2.
|2] ( 2sma) +|-gcosa 4 sin‘a+ ;cos’a

= l(sxin’oz+cos‘*’m)=- 1
4 4
3RAYAT, Z= é s ITC ¥ TPedOBAIOCEH JOKAZATD.

4, HocTpouTr Ha KOMOREKCHOH ILJIOCKOCTH MHOMKECTBO
YHUCen 2, NJAA KOTOPBIX BHINOJIHAETCHA PABeHCTBO |2+ 6|=3.
Cpean arux unucen Hafitu Taxue, KOTOPHE MMEIT HAUMEHB-
mu#f no abcoxorHOR BEAMYMHE API'YMEHT.

Pemenne, Mnoxectso vi
quceaA 2, ARA KOTOPHIX
BHIQAEAETCT PABEHCTBO
|2+ 6/=3 Ba EKOMMONeKcHON
IAOCKOCTH,— OKPYXHOCTDH
pazuyca 3 ¢ HEHTPOM B TOY-
xe C(—6: 0) (puc. 21). Ilpo-
BeJeM U3 HAauANA KOODIMHAT
O aBa nyua, Xacamliuecsd
9TON OKPYEKHOCTH B TOUKAX
A un B, Vroana Mexay mnono-
MUTEILHEIM HANPABJMCHHEM
oc abcnuce u JgydoM OA,
OTCUETHBAEMEIH HDOTUER 4Ya- Pyc, 21
COBOHl CTpeaKH, HOJACKH-
TeNbHHH, & YroJd MEMXAY OOJOKHATEALHKM HANDPABICHIEM
ocu abcmmee M ayuom OB, OTCUMTHIBAEMEIM OO YaCOBOM
erpeake, orpunatenbHbifi. Tlo abGcoawrHOill peTHYHHe JTH
¥IIH PABHH M ABIAIOTCA HAHRMEHLIIHMH CPefU OCTANIBHEIX
APTrYMeHTOB TOUEK OKPYXHOCTH. PACCMOTPHM TpPEYTOALHUE
QAC, B xoropoM Z0AC=90°, |0OC|=6, |[CA|=3. B HeMm
% =gin LAOC, sHaunr, sin L AOC= %- %, C/e0BATENLHO,
£LAOC=30° a yrom MemxAy NOJOKUTENLHRM HAOpaBAcHHEM
ocn afcumce B aAyuoM OA paserR 150°, IToCKONLKY OKDYXK-
HOCTh, & TAKME TOUKM 4 U B cHMMeTpPMUYHEI OTHOCHTEJILHO
ocH abcoMce, yroa MexAy NOJMOHTEeNLHHM HANPABICHHEM
ocu aficuuce u aydom OF no aGCcoJHOTHONH BelWUHHE TAKMHe
Oyaer paser 150°. Bee ocTaAbHEIE APTYMEHTH TOUEK, JemKa-
IMHX HA OKPY>XHOCTH, O6yayT mo abcoawrHo# Benawanue Goab-
me 150°, Touke A COOTBETCTBYET YHCIO

2, =[0Al{cos 150°+isin 150°).
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Paccmorpum AQAC. B mem |OA|=|0C|-cos30° orryza
04(=6- Y3 —3V3, amaunr,

2, =3V3 (cos 150° + i8in 150°) =
=38V3(cos(180° - 30°) +isin (180° — 30°)) =
=3V§(—c0330°+isin30°)=3\/§(—\;?3+ ; ) —-4,5+ TE i.

Toure B GymeT COOTBETCTBOBATE YHCHO

2e=—4,5- 358§, 2,—3VB(cos (- 150°) + i sin (- 150°)).
Orser. 2,=-4,6+ 3"3 i 22-—4,5_%1 nmm

z,=3\/§(cm150°+;mn150°), 2, = 8V3(cos (- 150°)+isin(— 150°).

3apanua ana camocToaTensHoW paboTbl

1[5] HafiTn BCe apryMenTH ¢ KOMIJIEKCHOTO UNCAR Z U YKa-
3aTh HauMeHRINNH o afcoxwTHON BelHMYUHEe apryMeHT
(MAm aprymeHTH); UHUCAOC Z 3ANHCATE B TPHTOHOMETDH-
gecron ¢opMe, ecam:

1) 2=(1-0)% 2) z=(1+1)%

8) 2= —1; 4) z=—;
) 2= (1+:}2 )z -

5)z=tg—+xctg 3, G)znctg%l—itg—sf

2.[6] 3anmcats B TpHAroHOMeTpHYECKOH PopMe AAHHOE UNCIO 2
H CONpPAKEHHOE ¢ HAM YHCIO 2, €CJu:

1) z2=c030,9n+isin0,1n; 2) 2=c080,2n+igin0,8xn;
3) z2=c080,2n—-icos0,3n; 4) 2=8in0,3n—isin0,2x;

5) z=sin(3“ +0t.) +:cos(z —u)
s : n
6) z=sm(z—a) +:cos(T +u).
3.[7] HoxaaaTh, uTo NpH A10G0M AelfCTBHTEILHOM SHAYMEHUH O
BEPHO DABEHCTBO:

1) E-%, ecJaH z=sina—-icosa;

2) 7z=21, ecnm z=cosa—isina;

,_.N

3) z=—, ecau 2=gin 2% gin g +icos &

o
2z 4 4 COSOS
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4) Z= =, ecam z=cos£“-cosa—isin§fsina;

F 4
5) E=i:— ecau z-tg%-sina+2isin-2i§“—-cosa;
6) E-—z—, ecan z=2cos%"-cosa+ictg%-sina.

4.@ Ha ROMIOLICKCHON NA0cKoCTH HBO0PAIHTE MHOMKECTBO TH-
cesx 2, AAA KOTOPHIX BHNOJHAETCA NAHHOE PABEHCTBO.
Cpeny sTUX yucesJ YKA3aTh TO (MJIH Te), KOTOpOe HMe-
€T HAHMOHLIIHE Mo abCOJIOTHOH BeJIWUYMHE APryMEHT.
3anucaTe 3T0 YHCHO B TPUTOHOMETPHUYEcKOH dopme, a
Tak:xe E anrebpaudeckoil dopMe, ecnn:

1) [z2+1=i|=1; 2)|z+1+i|=1;
3) |2-2i|=1; 4) |2+ 2i|=1;
5) |z+2|=1; 6) |z+4|=2,

: § 8. Ymnoxenue u penenne
KOMNAGKCHbIX YUCO, 3aNUCaHHbIX
B TPUroHOMeTpuueckoi dopme.
dopmyna Myaspa

3ananus AN CaMOCTORTENbHOW paboTel

1(5] BanmcaTrs B TpUroHoMeTpHYecKo# dopMe umCHO:
1) z-(\/§—i)(sinq:+icos<p);
2) z=(1+iV3)(cosp—ising);
_ 1-¢ . _ Losgp—iging ,
8) 2= sing+icosg ’ 4 =z i-1 ’
= —-‘!_“*‘—ﬁ)‘- = 8ing-icoso \°
5) 2 (cos(p—lsinq) * 6) 2 V2+1Ve *
2[6] Banucats B anrefpanueckoii ¢hopMe UHCIOBOE BRIpaKe-
HHe M HafiTH ero sHaveHHe:
cos 0,31+ icos0,2n \§, sin 0,3x + isin 0,25 \5,
1) ( 8in0,2x~isin 0,3x ) ? 2) ( cos0,2x~icos0,3n ) '
3) cog® 0,3x .
(1 +e080,6x +isin0,6m)% *
4) (i—ctgl,1n)°-(1 —co0s0,2r +isin0,2n)°;

5) T |3 6) = |-
i+ctgﬁ l—i%g'—l-é-

8[7] OTMeTHTH HA KOMNJIEKCHON NIOCKOCTH TOYKY 2 ¢ MOZY-
aeM 1. IlocTpouTe TOUKY W H YKA3ATH €e MOAYNL H Ap-
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TI'YMeHT, IPMHEAB APTYMeHT Z 3a (¢, TAe — 180° <@, < 180°,

ecIn:
1) w=iz; 2) w=%; 3) w=(1+1z;
4) w=(1-Dz; 5) w=_f-; 6) w=1Z.

4.[7] TlocTpOUTE ¥ OMHMCATE MHOMKECTBO TOUEK KOMIJIEKCHOM
IJIOCKOCTH {2, eC/IM JAS TOUEK 2 BLIMONHAETCH YCHROBHE:

1) [2-3i|=2; 2) |z-81=2; 3) iz+1-il=1;
) lz-1+il=1; 5) |2-21<2; 6) 1z+il< 1.

5.8] Ucnonesys dopmyay MyaBpa, BRIDESHTH Yeped sinx u
cos x!
1) sin3ux; 2) cos 3x; 3) cos4x; 4) sin4x,

6.9] Henonpaysn dopmyny Myaspa, BHIpasnTE uepes tg x:
1) tg3x; 2) tgdx.

- § 6. KeanpaTHoe ypaBHenue
C KOMNAEKCHBIM HEM3BECTHLIM

3anaHua AnA CaMOCTONTENRbHONW paboTol

1.[5] Pemmts ypapmeane:
1) 222+4,5=0; 2) 522+ 7,2=0y
8) 22+ 22+5=0; 4) 22-22+17=0;
5) 22-2V22+5=0; 6) 22+2V3z+5=0.
2]6) CocTasuTh MpHEeZERHOE KBafpaTHOe YPABHeEMe ¢ Heli-
CTBHUTEJbHEIMHA Kod(pPAOAEeATAMN, AMEI0Iee KOPEHb 2,

ecan;
1) z,=5-0,5i; 2) z,=—4-0,4i;
_1-v3, _ i
3] gy = TR 4) 31-—m.
3[7] PemnTs Ha MHOXeCTBe KOMIACKCHEIX YVCeX ypaBHEHUTe:
1) 2°4.64=0; 2) 22-27=0;
3) 924-64=0; 4) 81z*-4=10;

B) z*+622+5=0; 6) 2*+722+12=0.
4[7] Pemmte yparHerne:
1) 22=i; 2) 22=-i; 3) 22=84+6i;
4) z¥=—8-6i; 8) zi44=0 6) 2141=0.
5.[7] PasnoxuTs HA MHOKHTENN, COMEPIKAIME 2 UMb B meP-
BOll cTeneHn:
1) 2224 3; 2) 322+ 7; 3) 222 +524+2;
4) 322+ 72z+2; 5) 82°+1; 6) 27z*+1.
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: § 7. VNaBneueHne KopHs
M3 KOMINEeKCHOro Yucha.
Anrebpanveckue ypasHeHUs

Npumepsl ¢ POLICHUAMM

1, ITocTpouTs HE KOMIUIEKCHOH ILTOCKOCTH MHOM(ECTBO BCEX
KopHell ypaBHeHHS 2"=(-4+ 3i)*, ecau:

1) n=3: 2) n=4; 3) n=6.
3anncaTh B TPHrOHOMETpHYecKOi dopme ofmyo dopMyay
KOpHeil 3TOoro yparHeHUd.

Pemenne. Ogur n3 KopHedl ypaBHeHHA Z'=(—4+ 3i)"
BHJAEH cpasy: aTo 2;=-4+3i. OcraeTcs ONpeseNuTE OCTAIB-
HBElE KODHH,

1) n=3, 3HAUHT, ¥ PASJAHYHLIX KOPHel ypaBHeHHd Z®=
={—4+ 3i)® Toxe TPH, NIpHUeM OTIHYATHCA OT 2, OHH OYAyT

TOJABKO ADPTYMEETOM, 4 HMeHHO

argzz=argzl+%, argza=argzl—%“.

Mopynu ropEeii paBHEI Mexay coboii:

Cpenaem pucynor (prc. 22). Aprymenrom 2z, Apagercs 0o
ONpefeaeHHIO YTOA MEXIY DOJOKETeALHHM HaNpABJISHHEM
ocu abcumace u BerTopoM 02, T. e. Yyroa ¢, Ha PHCYHEe,

3

&pl=argzl=arctg(— I)' O6o3Ha%EM 4Yepes O Yroi, paBHBIA

arctg-i—, TOTHA arctg(—- %)=n—a, . €,
‘591"7!—31'3‘58'%, 3-1'822'=‘P1-237R: argzs“h‘"%-
vk

<y

Z3
Pyc. 22
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vk
Z2
3
- 23
o (PL
0 4 5%
60
%4
25
Puc. 23 Pugc. 24
IMockoasky

2L = 120°+60° +60°,

TO NMOCTPOHTE TOYKHU 2, ¥ 23 JETKO: HYIKHO DACTBOPOM ItMp-
KyAA, PABHBIM PAZHYCY OKDPYXKHOCTH, Ha KOTOpOH JemHT
TouKa 2;=—4+3i{, T.e. paguycoM, paBHEIM 5, CcxeJAATE
OOCNEeNOBATENLHO JBe BacCCYKM Ha TOH OKPYIKHOCTH, HAUM-
HAA OT 2, BOpPABO, H NOJYYHMTh TOUKY Z;, 8 3aTeM JBe 3aced-
KH OT 2, BACBO M NOJAYYHTH TOUKRY 2;.

ToukH 2, 2,, 23 OYAYT ABAATLCA BepUIMHAMM TNpPABHIbL-
HOr'O TPeYroALHHKA, BIOHCAHHOTO B QKPYXHOCTE paguyca 5
¢ OeHTpOM B Hauajle KoopauHar. O6mas dopmyna kopaei
HCXOZHOTO YPABHSHHS TAKOBA:

2nk )

2= 5(003 (11: arctg + == +isin (1: arctg + Zxk )),

3
roe keZ,

2) n=4, ypaeHeHue 2'=(-4+3i)* umeer 4 KopHSA; 060-
SHAUHM MX Yepes 2,, 2 23 24 TAe 2;=-4+3i, Ux Moaynu
OynyT paBHEL 5, a ApryMeHTH OYAYT NOCHNEAZOBATENLHO OTJIH-

2 x

¥aThCA Ha -, T. €, H& . 3uaunr, 2,, 2, 23, 2z, OyAYyT AB-

AATHCA BEpPIIHHAMH KEAAPATA, BIMHCAHHOTO B OKPYXKHOCTE C

HeHTPOM B Ha4yae KOOPAMHAT H pagHycom 5 (puc. 23). 06-

maa dopMyna kopHedl ypaBHeRHA (yAeT MMETH BHJ
z==5(cos(1r arctg + “k) +isin(1t—arctg-3—+ 323)),

rae k — awboe menoe YHCIO.
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3) B aToM cayuae, Korxza n=06, ypapHenme 2%=(-4+ 31)%
6ymer uMers 6 KopHel, M oHM GYAYT ABAATECH BEPIIAMHAMN
NPAaBHIBHOIO MBCTAYTONBHUKA, BIMCAHHOIO B OKPYIKHOCTB
pazuyca b ¢ HeHTPOM B HAUANE KOODAMHAT (pmc. 24). Apry-
MeHTH KopHell OYAYT IOCAeAOBATENRHO OTAHYATHCA HA YHCHAO

26“ , N —’5- Ofman dopMyaa xKopueit SygeT MMeTh BHA

z-5(cos(n—arctg s ?) +ism(1t—arctg 3t ?)),
roe kR — apboe meroe 4HOINO.
2, Pemnts ypaBHEeHHE

z°+(§—3i) 25— i=0.

Pemenne. Jlerko 3aMeTHTh, YTO JAHHOE YpaBHeHHe
MOHO CBECTH K KBAJAPATHOMY ¢ IOMOMBIO 3AMEHRI:
FAr 3T R
Toraa z°=w?, a HCXOoAHOe YPABHCHME IPUMET BHA
w’+(~;——8i) w-i=0,

PemyM aTo ypaBHeHHE:

w-———-+4ii\/ 16 -2. -1—13—-41+(4i)’+i,

w=--Li4it (m) +3 (4.

Taxm(ls) + L+ (16)’+2 4i+{4z)=-(m+41)‘
TO

w= +4zi( +4£)

Vimn w,=8i, wy=—1.
IIponseeaa o0GpaATHYIO 3aMeHY, IMONYYHMM JABA YpABHeHHA:

2=8i n za=-é-. Pemrsrm ypasuenue
=81, (1)

Hpeacrasum uncno 8{ B Tpnrouomerpnqecxoﬁ Popme:

2 )
8t=8(cos(-é— + 2:m)+£sm(3+21tk)).
rae Bk — nenoe CHCHO,

Hazenexns ryOuuecknilt KOpeHbh H3 BRIPDAMKEHRM, CTOAMMAX
B o0enx uacTAX ypasHenna (1) umeem

i-B(cos +isin X
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2 2nk L ronk

z=\,3 cos — +isin 3 s
z=2(cos(%+%‘k)+;sm(s+23“-k)),

rane £=0; 1; 2. (OcrassHele 3HaueHUA xopHelt Oyayr cos-
najaTk ¢ 9THMH TpPeMH.)
Beius#cauM 3TH ROPHH:

ecan k=0, ro 2= 2(008 +isin — ) =V8+i;
ecan k=1, 10 z=2(cos(3-+?)+;sm(§+%“))=
—2(cos - Br 4 isin 32 5 ) 2(—coa%+isin%)=—\/§+i;

eciu k=2, To z=-2(cos(%+%")+isin(%+%))=

=2(cos(%+%"~)+isin(%+ %))uZ(cos%ﬂ+isin%n)=

=2(coszﬂ:+ism -.-:) 2(0+i(-1))=-2i.

Hrax, umeem Tpn KOpHA ypaBHeHHA 2°=8i:
V3+i; —VB+i: —2i.
AHAJIOrMYHO pPelinM yYpABHEHHE zsn—% ¢ OOMOIILIO CJIe-
AVIOLIel 3aMeHbI:

— 3 =3 (cosm+isinm)= % (Co8 (m + 2xk) + i sin(n + 2nk)).

Hspaeyem KyOuvecKHH KOPeHb B3 BHpPaKeHW, CTOAIIMX
B JeBoil M OpapBoit YacTIX ypaBHEHHA:

z-%(cos%’i+isin———-ﬂ:"k), rae k=0; 1; 2.
= = lfcosEriginE)m (L iVB\_1 VB,
Ecom k=0, To z 2(cosa+isms) 2(2+ : )_44_ 2
ecnn k=1, To z-l(cos R+2 | jgin IL2T )=
2 3 3
"%(cosn+isin1l:)=-—l;
ecim k=2, TO z=--2-(cos——+ism )=%(cos(2«—%)+
. . _K -l _ l_\g
+:sm(2n 3)) 2(0033 ;sms) i

B pesyarTare mcxonHoe ypaBEeHHe GyHeT HMETb LIIECTh
KOpHeii:
Y

L - _ . l 3‘ _l- l
\/_-H \f3+1, 2i; 1 41, 2 g1 b
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3anaHua AnN CaMOCTOATeneHo# paGoTnl

1[7] MocrpouTs Ha KOMIMEKCHON IJOCKOCTH MHOMKECTEC
BCeX KOpHell JaEHOro ypaBHeHHdA, ONPeACHUTh UX U 3a-
MHCATE B TPHIOHOMeTpHUYecKOM dopme o0myno dopmy-
AY AAA HAXOKICHUA 9THX KODHEMH.

1) #=(V3+1)% 2) 23=(1+iV3)%

3) X=(1-i)4 4) 24=(-1+i)4

5) 2=(-1+1V3)5 8) z0=(vV3-1)°.
2[7] HaiiTr Bce KOpHM ypasHeHnSA:

1) iz*+2=0; 2) i22-2=0;

3) z3+i=0; 4) 25—i=0;

5) 44 24=0; 6) 42*+1=0.

8.[8] Pemntt ypaBHenne:
1) 22+ 2i2+3=0;
2) 22 -2iz+15=0;
3) +(1-20)22-2i=0;
4) 22 +(9+ 222+ 18i=0;
5) 26+(B-)23-8i=0;
6) 28— (8 —i)28—8i—0.

4.9] Sanncats 06my10 GopMyRy ANA HAXOMACHHA BCeX
KOpHEéH YpAEHeHUA:

5o L AN
1) 2 32(008 - +isin ),

7
2) 2"=128(cos0,Tn+isgin0,7x);
3) 2b=-1+i;
4) 8=1-4;

5) z21°=6+ 8i;
6) z1%=8-6i.



¥ KowrponbHas paGora

1. 3anMcaTr YNCAQOBOE BRIPANKEHUER

(-pt- 2=k [—-71:;‘ +(1 +i)"]

HKOMILACKCHBIM YHUCJIOM B aaredpaHudeckoil dopwme.
2. Ha MHOMXeCTBE KOMILIEKCHBIX THCEN PEenIMThE ypaBHeHHE:
1) 22-42+13=0; 2) z2*+8i=0
[1) 22-62+13=0; 2) 8i-2%=D].
3. Hao6pasaTs HA KOMIJIEKCHON ONOCKOCTH MHOMKECTBO 4H-
cei 2, ANA KOTOPEIX BEIIOJHAETCH PABEHCTEO
liz|m|z+6—6i] [Z]|=|z-6+86il].
Cpesn 5THX UHCEN YKA3aTh YHCIAO ¢ HAMMEHBLIIMM MOXY-
JIeM.
4. Ilpy rakux geiicTBUTENLHBIX 3HAYEHHSAX o UHACAQ
z=(ginno+icosna)!® [z={cosno—isinna)?]

ABASAECTCHA:
1) meficTBurennnriM; 2) uncTo MEMMBIM?




OtseTwi . . .. .

Cnasa |
§1.1. 1) -—+1m<x< 4+1m, neZ; 2) m<I< g +1m,
%+nn<x<n(1+n), ncZ; 3) —+un<x<%+m, neZ;

4) +nn<x<-%“+1m, neZ; 8§ —+2nn<x<-1:—“+2nn, rneZ;

6) —arccos%+2nn<x(arccos%+2un, necZ; 7) —%+2un<x<
<—-—+2un,uez'8)arctg +nn<x< +1m,nez 2.1 +nn<x<

<3T“+1m, neZ; 2) un¢x<v§+uu, ncZ; 3) ecam a>1, TO

- 4dn+41

%, ncZ; ecrn O<a<1, 1o 2nn<x<2nn+2n, necZ; 4) %+m<

<x<%+uu, neZ. 8. 1) —-1<y<%; 2) -T<y<—1; 8) -1gyg];

4) Ogy<2; 5) -Vi3<y<V13; 6) -2<y< 2.

§ 2. 1. 1) HedeTHan; 2), 8) #m veTHaA, HH HeueTHAR; 4) uer-
naa, 2. 1), 3), 7), 8) Yernaa; 4) — 6) s yeTHas, HH HCUETHAA.
4, 1) 2r; 2) 2n; 3) n; 4) 2n. 8, 1) Her; 2) mwer. 9. 1) Het; 2) HerT.

§ 3. 1. 1) xeR; yel-1; 1], T=%, x=70, neZ; 2) xcR,
ye[-1; 1), Tw=4n, x=2zxn, ncZ; 3) xecR, yc[-2; 2), T=2=n,
x=nn, ncZ; 4) xeR; y¢[-0,5; 0,6), T=2n, x=nn, ncZ; 5) xcR,
yef-1; 1), T=2r, x=nn, ncZ; 6) xcR, ye[-3; 3], T=2n, x=nn,

neZ; N xeR, ye[-1; 1], T=n, xs—;—+ %, neZ; 8) xcR, ye[-1; 1),

T=4r, x-zf:+21m, neZ. 2. 1), 2) ¥éusaer; 2), 3) sozpacraer.
4. 1) HanmeEpmIee 3HaYEHHE: -1 mpanfonsmes SHAYEHUE: i

2,
2) HAHMeHbIDee 3IHAYEHHE: 25, manGonemee sHadenwe: -—1.
5.1) x=0; 2) x=0. 6. 1) x1=%, xa=1, %=+ X4 2mn, neZ, 252 3
2) x1=%, x,=1, xs-i—g-+21m, neZ, xsa&%. 7. 1) Puc. 25;

2) puc 26; 8) pue. 27; 4) puc, 28. 8. 1) Her; 2) mer.

§4. 1. 1) xeR, ye[-1; 1), T=nm, x-%+32§-, neZ; 2) xeR.
wel-1; 1), T=4x, x=n+2nn, ncZ; 3) xcR, yc[-3; 3], T'=2x,
x-%+1m, neZ; 4) xeR, ye[-0.5; 0,5}, T=2r, x=Z+nn, neZ;
B6) xeR, ye[-1; 1], T=2n, x==§+1tn, ncZ; 6) xeR, ye[-2; 2],

T=2g, x-%ﬂm, neZ; T) puc. 29, xeR, yel[-1; 8), T=2n,

x-%+xn, neZ; 8) xcR, ycl0; 1), Tm=2r, x=n+nn, neZ.
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Puc. 26
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Puc. 27

Puc. 28

Puc. 29
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¥
1 y=tgxctgx
-2x _8m g _x 0 ! T i;: : 5_;; 3
2 2 2 2 2 2

~2n _h# - _= a é 8n x X
5 | 3 x ' 4 25
Puc. 31
% vi
y = 0,58in(2x — ) 1
i _'33: i 0 ;: 3z 5:1I: \:-’E-
V E / 2 T

E ] i —-E
v =sin2(x 4)

y=2sin(3-3) +1




o

3 y = s8in2x + 2sinx
2
1
Sere— g + } }
- T _8n _ x 0 .1
"NEF/ F "\ fak
-2
Puc, 34
¥
y=sin2x—sinx

Puc. 35

2. 1), 2) 2 xopua. 3. 1) O<xg<1, x-%+nn, neZ; 2) 0<x<l,
2xn-n<x<2mn, ncN. 4. 1) Puc. 30; 2) puc, 31, 5. 1) Pne. 32;
2) pue. 33; 3) puc. 34; 4) puc. 35. 6. 1) y=5sin(x+arcsin%),
prac. 36; 2) y-l,SSin(x—arcsin —}%), puc. 37.

$ 5.1. 1) x¢%+ %, neZ, ycR, T-%; 2) x=nn, neZ, y¢R,

T'=2m 3) x:%ﬂm, neZ, yeR, T=mn; 4) x;e%ﬂm, neZ, yeRk,

T=n; 5) x=4g-+u—2u-. neZ, ycR, T=x; 6) x¢%+m, ncZ, yeR,
24+2nn, neZ, yeR, T=2xn; B) x¢ﬂ+7, neZ,

2 12
yeR, T=%. 2. 1) — 4) Yernasa; §), ) Hr yeTHad, HY HeueTHasn.

3. 1) Yeraaqa, puc. 38; 2) wernas, puc. 39. 4, 1) T==n; 2) T=n;

3) Ta2m; 4) T=1x. 8. 1) — \/——l<x<0 0<x<‘\/——1 2)x<—‘\i~—

‘V--l 8. 1) —2<x<—— —E<x<0, 2) ctgx=nn, neZ,

Tex; 7) x=
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7}
y= siﬂ(x + amsin%)

y=3sinx +4cosx ;|
T-z;t = \ % 11: 2r §2_1; x
-2+
._3'-
_4"
_5"

Puc. 36
¥ = 0,5sinx — 1,2¢c08x




O0<x<3. 7. 1) Puc. 40; 8) puc. 41; 4) pac. 42. 8. 1) x=%+21rk,
3gx<n, 2an<x<2nn+n, ReN, neN; Z)Inmxdm-l-%, xm+arctgd <
«:nn+%, x-1|:£+arctg2 keZ, lc¢Z, necZ.
. . LI 2
§6 1 1)-—<x< 32 - <x< 6,3) rgxg 25 1) —arccos —<

(x(a.rccosg, ) —-<x<—' 6) —-—Qx(l. 2. 1) -2<x<0;

3;<y o, ;2) -2<xg-V2; \/_cxc.z, <y< o 3 —3<x<-1L;
—-ngy< 4) -Ve<x<-2, 2gx<\f6 0<y<5ﬂ, 5) xeR; —n<y<n;

¥h
y = tg2x ctg2x

-—qmll—o—-u—-d—o—o—o—

L —
L] ¥ Ervt

_z O & 1 x 3¢
1 2 4 Iét 2
Puc. 40
vA 1ybex
v=(3)
- ‘ 8n _= z 10 | : 3 9 T 3
2r -3 X -3 Jé R & 2n %
Puc, 41
vh y= 5ctlx
1a_
3:1 :! 0 1:1: : :53 "5;
-3 e _ 2 z T 32’.1 on
Puc. 42
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8) x¢R; O<y<3n. 8. 1) Oqug; 2) %<ycn; 8) Ogy<l;
4) -%cy(-ﬁ—. 4. 1) — 8) Yernaa; 4) Hevernasa. 5. 1) —-3<y<l;
2) 3gy<6. 6. 1) Puc. 43; 2) puc. 44. 7. 1) Puc. 45 (a, 0);
2) puc. 46 (a, 6); 3) puc. 47 (a, 6); 4) puc. 48 (a, 0).

v

. y= arctg'-};

2 ¥ N

) . . x| ¥=arcctg po

T o I1 E‘ ’§

-3 Y »
2 -1 |01 x

Puc. 43 Puc. 44
a) 6)
v

kY

£ §
| -
™~
A o

-2

¥ = 2arcsin(x + 1) = 2sin(arcsin(x + 1))

Puc. 45

a 6

/.

P

X
N |

BOYH =t

ny

|
m-
i
M-
i ]
[

N

T-xr ¥ = 0,5cos(arccos(2 + x))

y=0,barccos(2 + x)
Puc. 46
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a) vk 6)

% y =arctg(x + 1) vh

2
3 /-1)01

¥y = tglarctg(x + 1))

.

<
[y

|

2) A 6
q | ¥ = arectg(x — 1)

B N /

y = ctg(arcetg(x — 1))

A

" bl

Puc. 48
Fnana H

§ L L 1)x,=2+6n; 2) x,= 221, 3) . 3’";4).:,,-“”%.
5. 1) n»12; N, -[3‘5"]+1- 2) n>67; N, -[3+3]+1, 3) n350;

3
N-[——]+1 4) n.>150; ,—[325]+1 6. 1) 2; 2) 4; 3) 2,4) 1.
7.1) -1; 2) 1. 8. 1) 0; 2) 0.

§2 3. 1) 55V4,001-2; 2) 5(%-3:031110,99. 4, 1) a<§
2)a<\/9+ -3. 6. 1) x=-2; 2)x—2'3) x=-3, x-%; 4) x-—l;
LT D)y y=5 2ly=—— 8. 1)-2; 2) 4,3)1 4) 2; 5) 4,

6) 4, 7) 2; 8) —4—.

$ 3. 1. 1), 4) Annaeresn; 2), 3) ue asngercsa. 2. 1), 2), 4), §) fs-
agerca; 3), 6) He sBnAercsa. 4. 1) d=-10; 2) d=1; 3} d=-1.
5. 1) -2 opu x=-1; 2) 2 npu x=1. 6. 1) x<0, x>0; 2) x<-1,
-1<x<1, x>1.

§4. 1. 1) -4; 2) 3; 3) -10; 4) —-1; 5) ~ 54,6) '113
(1-x)? 1
2.1) {1+x’)’ 2) %/x_z 3. 1) 10 M/c; 2) T2 m/c; 3) 48 M/c; 4) 22 n/c.

4, 1) — 4) Her.
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§5.2.1) 20 m/c; 2) 4 m/c; 8) 0; 4) 1 /e, 2. 1) 6,5 pan/e;
2) 4,8 paa/c; 3) 2,8 pax/ec; 4) 29,9 pan/c. 3. 1) 4 rpan/c; 2) 3 rpan/c.
4. 1) Bx®—18x2%; 2) Ox% + 24x; 3) 7,642+ Tx; 4) 4x%-4x5%, 5. 1) Ta-
KHX 3HaYeNHH Her; 2) Takux sHaueHufl Her; 3) x=0; 4) x=0.
8. 1) 6x”+45x"+84x3—27x3—84x+36, 48; 2) Bx%-20x*+16x%+
32(3x-1) 10(x+2) 10

2_ . O _ rre) 10 ooy
+ 18 724x’ 0: 8) = +52 ' Y Az 27 ) Geoy
D -
1
§6.1.1) 59 Afc; 2) 36 Ac. 2. 1) ——4 gt ——;
2 2\x  3yx? 4@
2 i
2 2 "”;22" I sxteSr g 4 HE- D2
3\.fx2 Va3 3\/_
5) -~ —+8Ve- —— 0S4 - T 2.1) 3 VB 2)——-
4Vt FRom PRV Xy
2
4. 1) 1+4Vx*+1 x

T 3 2) 13;—;
2\/212+Vx2+1 Vxé+1 65?{2_‘.;)—4 (9+7§f2_x}12
3) 2x% 2/ 1-2% 1 ad~be A/ ax+b

261 1+x8’ niax+b)(cx+d) cx+d’

$§ 7. 1. 1) 2xsinx+x%cosx; 2) 2xcosx—xlsiny;
2008 x4+ cosx—2xsinx . 2(sinx + 2 cos x)
{x3+ 1}2 ' - (.‘\32+4)2

3008 3x; 6) ~4cosbxsi indx; 1) — 222, 2x-1
+3cos ) —4coe®xsin x -4sin j) M2 1)3, )ln10(x2-x-2)‘

2. 1) x*(1+1nx); 2)x’f(——-lnx+ 2k ® (1+ 1) 22l Loy,

4

3) : B) 8sin?xcosx+

4 ( x ) (ln xx1+ x—l)' 3. 1) 2(In2)xcos x2 2182

_ 2. 1 . ~ 2
2) ~(In8)sin 2375 3) (In2)xInxlnlogsx’ x>5; 4) 2(InxH)lnlnz’
2 1
x>e; B) Parwl 8) - vt 4. 1) -6<Fx<-2, x>£), 2) -8<x<3;
3) -3,5<x<d, x>9;4) —l<x< 1‘2"2 , x> “g"g . 5. 90,75 Ix.
6. 0,056 n¥/c, _
§8 1. 1) y=283 _2; 2) y——VZx+14VE; 3) y-iv_“
3v2n-4\2 __3v2 . V2 3V2n - -
— 18 ,4)11;———‘i x*+-o+—g 2. D y=—x; 2y y=3x-3;

3 y=-24m12-2; Y y=2x+n3+ 3. 3 1) y=-2 2) y=-515

3 y=1;4)y=1.4. 1) (\%;1—i)- (—\%;1+ 2)( ; ~In2).

8vée/ sw)
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5. 1) (0; 0), 9=0, (1; 1), p~arcte( 1) 2) (1; 1), p=arctg3; 3) (1; 1),
(4; 4), g=arctg(T): 4) (3 34) 0=0, (~2; 4), o-arctg( o).

Fnana M

§ 1. 1. 1) Bospactaer Ha uETepBane 0 < x<2; yOnBaeT HA HH-
repBajax x¥<0, x>2. 2) Bospacraer Ha mHTepBaAax x<0, x> 1;
yOuiBaer He nHTepBane 0 <x<1. 2, 1) BospacTaeT Ha HHTepBajax
x<-2, -1<x<1, x>2; yGmrBaeT HA HHTepBaaax -2<x<-1,
l<x<2. 2) Bospacraer Ha HHTepBaJax x<-8, —1l<x<l, x>8;
yOuIBaeT Ha uRTEpBANAX —-83<x<-1, 1<x<3. 8. 1) BogpacTaer Ha
AHTEPRAJILX -—%<x<—3, x>{); yOmpaer HA HHTepBane —3<x<0.

2) BospacraeT HA HETEpPBANe X>— %; yOmBaeT HA HHTEpBANE
—1<x<—§. 4. 1) BospacTaeT Ha MHTepPBAAAX X < -—2, —2<x<—\/§,

x>\/§; yOhIBAET HA HHTEpBAJNAX —\/§<x<—1, ~l<x<V2. 2) Boa-
PACTaeT HA HHTEPBAJNAX -V2<x<i, 1 <x<\f§; yOBpiBaeT H& HHTEp-
panax x<—V2, V2<x<2 m x>2. 5. 1) BoapacTaeT Ha HETepBANAX
x<0, x>V4; yOubaer ma jaHaTepBasax O<x<l, 1<x<\/_ 2) Bos-
PACTAeT HA WHTEPBANAX —\/_<x<.1 -l<x<l, 1<x<\/_ yOrIRaET

HA HHTEPBAIAX X< — \/_, x> \/3 8. 1) BoapacTaeT HA HHTEDRANAX
x<b, £>13; yéuBaeT Ba uaTepsane 5<x<13. 2) BoapacTaeT Ha
unreppasie —10<x<-—2; ydrpaer Ha HHTEpBANa2X X<-10, x>-2,

7. 1) BoaspacTaeT HA HHTepBAJIax 1-V2<x<0, x>V2-1; yORIEAET
HA HHTepBAJAX x<1-V2, 0<x<V2-1. 2) BospacraeT Ha MHTEpBA-
gax 1-VB<x<0, x>V5-1; y6HBAET Ha METEPBaIax x<1-V5,

0<x<\/§—1. 8.1)-2cag2; 2) ag 2.

s 2. 1. 1) .'r1=—1, x2-=1, x3—2; 2) x1=—2, .’c3=-1, x3=2-
2. 1) -3 ¥ 1 — TOUKE MAKCHMYMA, —1 H 3 — TOUKH MHHUMYMA;
2) -2 u 1 — Touxd MakcHMyma, —1 m 2 — TOUKH MUHEMYyMa.
3.1) x=2 — ToYKa MAKCHMYMa, X=1 B x=3 — TOYKH MHREAMYMa;

2) x=1 — rouxka MuHUMyMa. 4, 1) x—% — TOYKA MAKCHMYMAa;

2) x=4 — Toura MaxcmMyMma. 5. 1) x=3 — TOUKA MaKCHMyMA,
x=2 2 x=4 — ToUKH MHHHEMYMA: 2) x=2 — TOUYKA MAKCHMYMA,

x= -—% — TOYKAa MHHHMyMa. 6. 1) x=0 — Touxa MEHNMYMA;
2) x=—2V3 — Touxa MaKCHMYMA, xu2\/_ TOUKA munnmym.

$3. 1 1)123n72)19n72.1)—n1 2)3 u-%.
-3, 4,4 3R _fi
3.1 eSue?; 2 et 304( 9).5. 5 6. =, 2.7.43.
2R H V2 2n*V3
8 3, 2.9 36( ) 10. T2,
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§ 4. 1. 1) Bunykiaa eeepx apn xc(—2; 2), BrInyxJga BHU3 TPH
x<-2 u npm x>2; 2) pLINyKAa BBEpx mpm xc(-3; 3), PLINyKAA
BHH3 Npu x<—3 ¥ npx x>8. 2. 1) Bunyxia Beepx OpH x<—2 M
apy xe¢(0; 2), sMnOykaa Bau3 npr x&(-2; 0) n nmpu x> 2;
2) BRIDYKJA BBepX OpH x<—3 u npu x¢(0; 3), BRINyKaa BHHS IpH

xe(-3; 0) ¥ npu x>3. 3. 1) Bunyxna nnepx npmn xe(-v,—la; %)
BEINYKJIA BEA3I OPHE X <— 1;2: H OpH X> G 2) Bunykaa EBEpx npn

6 u opu xc(0; v6), BEImyKJIA BHM3 npu xe(—\f- 0) 1 npn
x>VY6. 4. 1) BeloyKaa BBepX OpH X < — 2\;2 o OpH X>2, BHMOYRIA
BHH3 IDPHE X¢€ (-2\!2.2), 2) BMIOyKJIA BBepX npH X <2, BEITYHJAA
BHHA Opm x>2. 5, 1) 2,=-1, x,=1; 2) x; =2, xym4. 6. 1) x=—1;

1

2) x=1. l'7 1) x=2; 2) x=8. 8. 1) x; =—V3, x3=V3; 2) xl-_(%)"
*2 (3) :

§5 1.1 y=:c+% (x — +x), y=-—x—% (x—=-00); 2) p=x-1

(x—+00), y=1l-2(x—-20). 2. 1) y=x+1; 2) x=~1, x=1, y=x-1.

3. 1) x=-‘\f%, x=\/3, y=2 -2 2 xe-1,x=1,y=-x. 4 D x=0,

¥=3-X — ACHMUTOTEI, Y=-2 — TOUKA MHHHMYMA, y(—2)-ﬂ,
2
§=— QEM y”-m-—i—'ﬂ, x=1 — Touka nepernba. 2) x=0,
X

xa
Yw—x—3 — aCHMMOTOTH, X¥=2 — TOUKA MaKcuMyMa, y(2)=- %—7-,

e+ (x-2) . B(x+1)
¥ s Y=

5. 1) ©yuxknua onpenesena upm x=1, (* %; % 0)' (\52 s 0)

u (0; -1) — Touxn nepeceueHnda rpadpHxa ¢ OCAMM KOODAHMEAT,

=—-1 — rouka meperuda,

x=1mu y=1 — acHMOTOTH x---l -~ TOYKA MHHHMYMAa y(l)m—E
? 8 7\ 4’

(0; — 1) — Toure mepernfa rpadbura dyuxnun; 2) dyExnua ompe-
ZeneHa npd r= 1, rpadur nepecexaeT ocu KoopamHaT B Toure (0; 0);
x=1 1 ym0 — acuMOToTH, X =0 — TOUKE MakcMMyMa, Y(0)=0,

x=-2 — TOMKA MHHHMYMa, y(-2)—-%, x=-2- -V8 m Xy=

=—2+\r3 -~ TouKy nmeperuBa. 6. 1) PyHRKINA HeueTHas, onpejene-
Ha npu x=+ 1, rpadbHK DepecexaeT KOOPAWHATHEIE OCH B TOYKe

(0; 0), x=-1, x=1, y=x — ACHMOTOTH, X =13 — TOUKA MUHHMY-
Ma, y(\”S) 3\3 s x=~-\8 — Touka MaKcuMyMma, yi(— \3 ——%3—

x=0 — TOYKA neperuﬁa; 2) dyaxnona onpenenera opu x =1, (0; 0) ~—
TOUKA IepeceyeHMs ¢ KOOPAMHATHHIMM OCAMH, X¥=1 K y=3x —
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8x%(x*-4) y= 182 (x%+2)

oI-1y8 ’ (x®-1)? \ .
caMyMa, p(0)=0, x=V4 — rouka wmmEEMyMa, y(V4)=4V4,

3

(- %/E; -2\/5) — ToYka Nepernla rpadpuxa dyurnnun. 7. 1) PVHK-
OHAA onpeneneHa npu Xx=6, (2;: ) u (0; - -:—) — TOYKH NepecedeHER
rpadnKa ¢ KOODAKHATHHIMH OCAMHE, X=0 1 y=x+6 — acuMnTOTH,
= (x-2)% (x-14) 96 (2 - 2)

(=-6)® (x-6yt ’
=27, (2; 0) — Touxa nepernfa rpadmra byRxoan; 2) dyHKOUA

onpegencua npa x#=2, (1; 0) n (0; -—1—) — TOUKH [OepecedeHus

rpadEKa ¢ KOOPAHBEATHEIME QCAMH, X=2 H y=2+4+ 1 — acuMOTorTH,

ACHMIOTOTEI, J/'m=

y X=0 — TOUYKA Maw-

L
¥

x=14 — TOUKAE MUHHMYMA, }(14)=

x=4 — TOYKA MHHHMYMAa, y(4)= 2—47-, (1; 0) — rouxa nepernfa
rpadura pyExoun,

fnaea WV
$§1.5. 1) F(x)—ﬁz(4”+l); 2) F(x)= ﬁ(ﬁ‘—Z). 6. 1) F(x)m=
=tgx-2; 2) F(x)=ctgx+1. 7. 1) F(x)-arctgx+§; 2) F(x)=
=arctgx--z-. 8. 1) F(x)=arcsinx + 5—;; 2) F(x)-arcsinx+—:—.

3
$2 1. 1) -;—mfx*+3|+c; 2) i—ln(x"'+5)+C. 2. 1) %(::%4)5-

S P -] 5 3
2) %(x‘+2)3+0. 3. 1) sinx_sin’x o gy 008X 087X,

8 b 5 3
i 2x-8
4, 1 ——ln Py +C 6§ 1 _arct +C;
)2 y 2.1: 3 in2 1 ! T 7 3
- + 3 4 Binex . F*-
2) marctg Vil +C. 6. 1) 7 32 sindx+C; 2) =x

—@+ L gindx+C. 7. 1) ln(x3—2x+5)—-§arctgx—2—1-+0;

2) ln(x’+2x+5)+—-arctgx+l +C. 8. 1) —%-%amtg%+c;
11

2) “ o 27arctg +C

§3.1.1)2-1n5 2)3-1n10. 2. 1) - 2) —:—ln-g—.

'7_'
X, 9y & 2,92 n‘/_. 8 3

3.1) el sy 9,2) .61 2+

m, 2) %' 8. 1) %(6\/5-8); 2) %.

.9 2 B.n8 125, 5 125 -
§4.1. 1) 2,2) 2.2.1)3,2)3.3.1) 532 g4 Da=-2,

+4ln4; 2) 4-1n8. 7. 1)
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B D) Sp e b0 )
3. 5.1)a-3, 5- 10810, 3 42 5_151n2-9.
§5. 1. 1) 40,5 m: 2) 24 m. 2. 1) 50g:=490 H 2) 5Gg~548,8 H.
§6.1, 1) y=3e *+x-1; 2) y- ey X2 2. 1) y——e 4

+3 sinx+cosx); 2) y-ieqw, 3. 1) y-teraZenoy;

2
2) y= Ee"+ﬁe"‘—5—— 4. 1) y=sin2x-+cosx; 2) y=sin2x+

+cos2x+sinx.

fMaea V

§ 2. 1. 1) 120; 2) 720. 2. 1) 120; 2) 120. 3. 1) 720; 2) 400.
4. 1) 625; 2) 625. 5. 1) 729; 2) 128. 6. 1) 512; 2) 625. 7. 1) x=25;
2) x=4.

§ 8. 1. 1) 306; 2) 380; 3) 120; 4) 66. 2. 1) (n+2)(n+3);

2) (n+1){(n+3)(n+4); 3) m 4) (n+4){(n+5). 3. 1) Her

kopHelt; 2) mer wopumeit; 3) n=3; 4) n=5. 4, 1) 120; 2) 24,
5. 1) 120; 2) 120. 6. 1) 720; 2) 40320. 7. 1) 2880; 2) 4320.
8. 1) 60; 2) 60; 3) 1260; 4) 756. 9. 1) 12; 2) 12; 3) 60; 4) 60;
5) 820; 6) 2460; 7) 1260; 8) 360; 9) 604800; 10) 3326400.
10. 1) 2520; 2) 1680,

§ 4. 1. 1) 81; 2) 143; 3) %; 4} % 2. 1) m=6; 2) m=6;

)y m=6, my=T7; 4y m=7. 8. 1) m=8, my=4, myg=bh, m;=6;
2) my=8, my=4; 3) m;=4, my=i; 4) m;=3, my=4, my=5.
4, ¥rasandne. [Tocae pasiioxeHHA JeBol 94ACTH YPABHEHHA HA MHO-
JKUTENH NpAaByI0 YACThL OPeJCTABMTL B BHAE NPOM3BEJEHHA TpeX
sTOAXOASIHINK» unuces. 1) m=58; 2) m=6. 5. 1) 336; 2) 11820.
6. 1) AS; A3 A3; 2) A3; A3 A 7. 1) Al 2) Af,.
8, 1) xe{0; 1; 2; 3; 4; 5}, ye{l; b; 20; 60; 120});
2) xe{0; 1; 2; 3; 4}, pe{l; 4; 12; 24); 3) x<{0; 1; 2; 3},
y<{4; 33; 366; 738}; 4) x<{0; 1; 2}, y<{3; 122; T24}).

§ 5.1, 1) 84; 2) 70; 3) 56; 1) 210; 5) 56; ?) 36; 7) 11; 8) 10.

3. 1) 8 a‘o, 2) C3,b7; 3) —wag; 4) Clex3. 4. 1) C% 2) C§.
5. 1) C 2, 2) C3,CL. 6. 1) 700; 2) 900. 7. 1) CL,C4; 2) 030202.
8. 1) Cﬁ; HC 9. 1) x5, xeN; 2) x»6, xeN; 8) x»1, xeN;
4) x»8, xcN. 10. 1) x<{0; 1; 2; 3; 4; §; 6}, ye{l; 6; 15; 20}
2) xe{0; 1; 2; 3; 4; 5}, ye{l; 5; 10}; 8) x¢{2; 8}, ye{-2; 21
4) x€{3; 4}, yc{84; 60}. 11. 1) x=2; 2) x=3; 3) x=3; 4) x =4,
12. 1) x=3; 2) x;, =4, x,=5; 3) x,=5, x,=6; 4) x=4.

§ 6. 1. 1) 55; 2) 11; 3) 45; 4) 60. 3. 1) 84; 2) 495. 4. 1) 220;
2) 66. 5. 1) 1001; 2) 210.
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Fnapa Vi1
§ 1. 1. 1) A+B; 2) AB; 8) AB; 4) AB; 5) ZB', 6) A§+ZB
8.1) 532 339 2-4) Enlelanlingligl
4 55 56 2 )1-8)-2--)§ 10) .5.1)31,}511;

. 4 14 c
8) 375 4 31- 6 )Csm 2) m.'r 1) ::: 2) c%z.s 1)
5 NGNEN e 910 %;

11)85 12)35 9. 1) 1 s 2) = 7 s 3) - 7 4)1 10.1)1 2) 50

g U8, 4 G4 4y Laly —,4) ; *;e)—i-
: C1o ot 1203 5
l.gy Ll 121 : —%£.18.1) =&,

7 55 8) 5= bl . Cﬁ ) G102

ci ci

2) ; 8) ° 1 4) =52,

Cso Ch ng

82 1. 1) P(C)=0 97 P(D)-O 03; 2} P(C)=0,92, P(D)-0,0S.
2.1 1; 2) . 8. 1) 23’ 2) 15 15 .41 32 5 s 2y 28 9 . 5. 1)

183
2) 143.6 1)0496 2)028

§3 1118 13 s 2) 35, 3) 35, 4) -1 1 . 2. 1) Ssasiotes; 2) an-
aawored. 3. 1) He annamcs, 2) He annnm-rcn 4. 1) 19 3 2y ——

306" 495
$4.1. 1) 72, 2) 144 2.1 36’ 2) 5—4. 3. 1) 0,97; 2) 0,92.

4. 1) 0,973; 2) 0,992. 5. 1) 0,0047824; 2) 0,0004776. 6. 1) 0,045125;
2) 0,002375.
_. 3 625 3125
§6.1L1) 2) 6’ 3) 4) -2 1) 11664 ° 3 2) 15562 °

3.1) 282, 2 % 4. 1) 0,0001765; 2) 0,0000064.

1001 g

Fnasa Vil

§ 1.1, 1)—6) Ha. 2. 1) x=-3; 2) x=—6; 3) x=—38; 4) x=0;
5) ner zaavenwii; 6) mer sEauerutli, 8. 1) Ilpn x=3, y=-2; 2) opm
x=-2, y=3; 3) npa x=-1, y=1; 4) opn x=1, y=-1; B) opu
X=m—4, y=2 B Opu x=-4, y=-2; 6) npa x=1, y=—-2 ® opm
x=-1, y=—2, 4, 1) 1; 2) 5; 3) 7; 4) 19; 5) 7; 6) 13.

$§2.2.1)0; 2)0;3)0; 4)0; 5) -1:;6) -1,3. 1) -6)1.4. 1) 1;
2) 1; 3) 10; 4) 37; 5) 1000; 6) 1000. 5. 1) =2, y=0,7; x=-2,
y=-0,7; 2) x=1, y=-3; x=-17, y=38; 3) x=1, y=2,5; 4) x=1,
y=38; 5) x=0, y=1; x=0, y=—2; xmb, y=1; x=-3, y=—2;
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6) x=2, y=0; x=2, y=-0,6; x=-1, y=0; x=-1, y=1. 6, 1) 0,1;
2) 0,1; 3) 125; 4) 1000; &) 27° 6) %. 7.1) z2==-8i; 2) 2=2i;
3) 2=8+4i; 4) z~4+0,9i; b) z=3224L; §) ;=34
) ) ) Vo ) v

§3. 1. 1) 5; 5; 8; 2) 5; 5; 6; 3) B; 5; 6; 4) 5; 5; 8: 5) 5; 5; 8;
8) §; 5; 6. 2. 1) Toukn KoMRIeKCHOH IJIOCKOCTH, Jedialle Ha
OKPY:HHOCTH paanHyca 2 ¢ nentpoM (3; —2) 1 BHYTPH OrpaHHNYeHEO-
ro e Kpyra; 2) TOUKM KOMINeKCHOH IIIOCKOCTH, JAeXKAImqne Ha
OKPYRHOCTH paguyca 1 ¢ meHTpoM B Touke (—1; 2) ¥ BHYTPH orpa-
HMYSHHOIO €K Kpyra; 3) TOUKM KOMILIeKCHOH OJIOCKOCTH, JeXa-
IIAE HA OKPYAHOCTH paanyca 2 ¢ meAETpoM B Touke (0; 3) u EHe
OrpaHHYeHHOrO €10 Kpyra; 4) TOUKH KOMINEKCHON RIOCKOCTH, Je-
MaIHe Ha OKPDYKHOCTH pagHyca 2 ¢ meHTpoM B Touke (3; 0) u BHe
OrpPAHHYEHHOrD el Kpyra; 5) TOUKM KOMNJAeKCHOH NNOCKOCTH, Je-
JKAINHE BHYTPH KOJbIa, OTPAHHYEHHOIO ABYMA KOHIEHTPHYECKH-
MH OKDYHHOCTAMH paguycoB 1 m 2 ¢ menTpom B Touxe (2; 0);
6) TOUKH KOMIIeKCHON IJIOCKOCTH, JeXaInue BHYTPH KOJBLOA,
OrpaAHWYEHHOr0 ABYMA KOHUSHTPHUYECKHMH OKPYMHOCTAMH ¢ ILeH-
Tpom (0; 1), paauycer Kotoprix 1 » 3. 4, 1) —2i; 2) 3i; 3) 1+4i;
4) -2-24; 5y -1-i; 6) 1-i. 5. 1) 10; 2) 0; -10; 3) 6i; Ti;
4) -Ti; 9i; 5) 3i; Ti; 6) —4; —5i. 6. 1) 2,=2-2i, 2,=—-2+2§;
2) 2,=8-38i, 2;=-8+3i; 8) z,=83+3i, 2z,=0; 4) z;,=-4-4i,
2a=0; B) 2, =VB+i, 2,=—-V3+i; 6) 2,=—4+8i, z,=-4-8i.

§4.1. 1) q:=-%-l—2uk, keZ; cp=-%;

z-2(cos(—%)+isin(—%)); 2) tp=%+2nk, keZ; g=Z;

z=2(cos%+isin %), 3) o=2rk, ReZ; ¢=0; z——;—(cos{)HsinO);

4) o=n+20k, k€Z; 9o=n m 9p=-n; z=—;-(cosn:+isimr);

5) o= § +2nk, keZ; o=~ §; z=2(cos(~ ) +isin(-§));
S

6) pm— %—" +2nk, ReZ; cp-—%; z-=2(coa(— %ﬂ) +3sin(— “6*)) .
2. 1) z=c080,91+igin0,9n; T=cos(—0,9%) +igin(—0,9n);

2) 2me0s0,2n+i8in0,21; ZT=cos(-0,2n)+isin(-0,2n);

8) z=co8(-~0,2m}+i8in(-0,2n); Z=c0s80,2n+isin0,2n;

4) z=cos(-0,2n)+isin(-0,2n); Z=c080,2n + isin 0,2n;

5) z=cos{ = +a}+isin(Z +a); F=cos{- L —a)+isin(-Z —a);
(§+o)+isin(3 +a) (-§-a)+tsin(-F-o)

4
6) z-cos(%+u)+isin(%+a); 'z‘-cos(—-%-a)-i-isin(—%—a).
4, 1) z—eos-’-zr-+isin—;-; z2=0+1, 2) z==oos(— %)+isin(-—%); z2=0-i;
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3) z=\/§(cos£+lsin%), z-ﬁ+ 35

3 2 2
4) z=VB(cos(- £ )+tsin(- £)), z-%-%t-
8) zl-\/_(cos-—-—+isin5—“) 2,=V3(cos ( %)+ism( 3 )),
zl-—%+ ; i zg=—%—— ; 6) 21-2\f_( %"+isin——)

23—2\/_( ( 8 )+isin( 56“)); 2, =-3+V3, zg-—S—\f_.

§5. 1. 1) z=2(cos(§— )+isin(§— )),

x inf B . - _ 3z

2) zwz(cos(§—1p)+tsl\x;-(§-—q:)) 3) z—ﬁ(cos(q: n )+

, 3\, 2 8n 3m W,
+:sin(tp-T))2, 4} 2=T(cos£—(p " )+Ism( tp———))

1 . 5 1

5) 2=64(cos( 2 + 4o} +1sin( 2R + 40)); 6) z= 15 (cos(Bp—m)+
+isin(Be-=)). 2. 1) -1; 2) 1; 8) 3%; 4) 32i; 5) i; 6) -i.
8. 1) jm|=1, argo=0,+90° 2) lo|=1, argw=9,—-90°% 3) fe|=1,
arg o =@y + 90°; 4) lo|=V2, argm=gy—45° 5) |w|=1, argw=— 2¢,;
8) lo|=1, argw=2p,. 4. 1) OxpyxHocT: ¢ OeATpoM (—-3; 0) u pa-
AwrycoM 25 2) oxpymuocTs ¢ erTpoM (0; 3) u pagnycom 2; 3) orpyH-
HOCTE ¢ meHTpoM (-1; 1) m pagnycoM 1; 4) OKpYyXRBOCTE ¢ OeHT-
pom (1; 1) u paguveom 1; 5) kpyr ¢ nearpom (0; 2) u paanyveom 2;
6) xpyr ¢ nenrpom (1; 0 un paguycom 1. 8. 1) sindx=
=3cos?xsinx—sin*x; 2) coadxr=cos®x-8cosx sinx; 3) cosdx=
=costx—6sin®x-cos’x+sin'*x; 4) sindx=4sinx-cos®x—
3tgx—tg“x; 2) tgdxe dtgxr—atgdx .

1-3tg°x 1-6Gtg2x+tgtx

§6 1. 1) z,=1,5i, z2,=-1,b6i; 2) 2,=1,21, 2,=-1,81; 3) 2,=-1+

+2i, 2g==1-2i3 4) 2, 1+44, 2,=1-4i5 5) 2, =V2+iV3, z,=V2-1V8;
8) z;=—V38+1V2, 2,=—V3-1V2. 2. 1) 22-102+25,25=0; 2) 2°+8z+
+16,16=0; 8) 22+1-0,6V3=0; 4) 22+3+2V2=0. 8. 1) z,=—4,

=
2y=2+21VB, z;=2-2iV3; 2) 2,=3, z,=- 3 + 312, 33'”%— 31f=

2 2
2y2 22 2V2 2V2 V2
3) Zi=mmt Zo e il e Fi i Z, = — i: 4) Z, - L
1 ;§ » 2 ﬁ ] 8™ \r3 + 4 v—s— * ) 1

~4ain®x-coax; 6. 1) tg3x=

a 3
33=—-£, 23=ﬁi, 24-—-{3-2:1; 8) 2, =i, 2,m—1I, 23-\/31, z,l-—f.';i:

3 3
6) 2, =2, 2= 21, 2,=VB1, 2,=-V3i. 4. 1) zl=%+%§—i, z,_=-§—
—%i; 2) 2\ =341, 23=-8-i; 8) 2,=8+1, z,=~3-i;4) z;=1-3i,

2ym—1+38i; 8) 2)m1+i, 2=—1-{, 2g=1-1i, 2,=—1+1i; 6) zl-ﬁ+

2
+§i,zg=_i2§.-32§1,zs vz ’“’2; 2, _\’2§+_"2§g,
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5. 1) (zVZ+iV3)(z2VZ-iV3); 2) (VB +iVT)(2VB-iVT) . s

3) (22+2,5+1.51)(z+1,25-0,75i); 4) (32+3’5+2'5i)(z+3_5t 3

5) @z+1)(22-1 4 2 4) (2. 108 ),

8) (3z+ 1)(3:-— + 33 "3 )(3z @s)

§7. 1. 1) zl-=V3+i, 2,=—2i, zsw—V§+i, z=2(cos( +%)+

é 3
+isin( +%)), e k — genoe wHCAo (pac. 49); 2) z,-1+£\/§,

8 3
Zy=—2, zazl—\/gi, z=2(cos(-;-+ agk)Hsm(s +3§-’5—)), rae B —
nence yucao (puc. 50); 3) z;=1—4, Zow—1-i, 23=1+i, 2,=—1+§;
=\ _X_ Tk _x_ 1k -
z \2(005( " + 3 )+;s1n( r + = ) )), rae k HeJgoe YHCIO

(puc. 51); 4) z)=—1+1i, zz=1+1i, 2a=1-i, 2,=-1-1i;
-\‘E(cos( 8n + E’f)+isin(~—+ ﬁ)) k — oenoe uncao (prc. 52);

4 2 4 2
5) 2ym—1+iV3, 2,=1+iV8, 23=2, 2,=1—iV8, z5=—1-iV3, 24=—2;
z=-2(cos 53& +igin %), rae & — nexoe yuesno {puc. 53
6) 31-v-— i, Zg—v_+i, Zs=2i Z4=—v5+i, Z5=-'V§"-j, 26=-"2i;

z=2( (ﬁ + %)+ asm(8 + 53’5)), rae k — meaoce yHcao (puc. 54).

2. 1) 2,=1+1, zz=—1-4; 2) zy=1—i, z;=—1+§; 3) zl=“'?3—

%—%i; 4) z,=%+%i, zz-—%+ ; i, 2g=—1;
8) 2y =1+i, 29=—-1+4i; 23=-1-i; 2,=1-1i; 6) 2,=0,5+0,5i,

2;=—0,5+0,5i, 23=-0,5-0,5i, z,=0,6-0,6i. 8. 1) 2;=i, z,=-3i;
2) 21=5i, 22=—3i; 3) zlﬂi, Zg-‘—i; Za-1+i’ z.;"-].—i; 4) 21=3i,

2p=-8i, 23=1-i, z,=—1+k 5) z;=1+iV3, z,=-2, z3=1-iV3,

1
__L’-i’ zz=i’ Bgm=—

z4-§+§i, 25——%+ 3h Ze=-i 6) =2, z=-1+1V3,
zgm—1-iV3, 24-"—3—%1, 2g=1, zs=-—%—-%i.

4. 1) z=2(cos(Z + 22}y iain(Z + 2EE)), e km0i 15 25 85 4
2) z=2(cos(0, 1+ 222 ) +isin(0,1n+ 22X )), rme £=0; 1; 2; 3; 4
5; 6; al)2 2= \/"(cos(s + 5 )+ isin( £+ Z2)), rae k=0; 1; 2: 8; 4; 53
4) 2= V3(cos(~ 2+ ) risin(- Z + Z2)), rre k=0; 1525 8 4 53
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5) 2= “\]{Tﬁ(cos (0,1 arctg% +0,2nk) + isin (0,1 arctg % +0,21:k)),
rae k=0; 1; 2; 3; 4; 5; 6; 7; 8; 9
6) z=lm(cos(-—0,l arctg % +0,21k) + isin(— 0,1arctg % +0,2nk)),
rae k=0; 1; 2; 3; 4; b; 6; 7; 8; 9.
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